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Heterotic/type-l duality in D < 10 dimensions,
threshold corrections and D-instantons
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ABSTRACT: We continue our study of heterotic/type-I duality in D < 10 dimensions.
We consider the heterotic and type-I theories compactified on tori to lower dimensions.
We calculate the special (“BPS-saturated”) F* and R* terms in the effective one-loop
heterotic action. These terms are expected to be non-perturbatively exact for D > 4.
The heterotic result is compared with the associated type-I result. In D < 9 dimen-
sions, the type-I theory has instanton corrections due to D1 instantons. In D = 8 we
use heterotic/type-I duality to give a simple prescription of the D-instanton calculation
on the type-I side. We allow arbitrary Wilson lines and show that the D1-instanton de-
terminant is the affine character-valued elliptic genus evaluated at the induced complex
structure of the D1-brane world-volume. The instanton result has an expansion in terms
of Hecke operators that suggests an interpretation in terms of an SO(N) matrix model
of the D1-brane. The total result can be written in terms of generalized prepotentials,
revealing an underlying holomorphic structure. In D < 8 we calculate again the heterotic
perturbative thresholds and show that they agree with the D1-instanton calculation using
the rules derived in D = 8.

—_— e = ——— = e e e e e e e =


mailto:kiritsis@mail.cern.ch
mailto:obers@mail.cern.ch
http://jhep.sissa.it/stdsearch?keywords=Superstrings_and_Heterotic_Strings+String_Duality+Branes_in_String Theory
http://jhep.sissa.it/stdsearch?keywords=Superstrings_and_Heterotic_Strings+String_Duality+Branes_in_String Theory

Contents

&

g

M=

fas|

Introduction and results
The setup and some general remarks
One-loop heterotic thresholds

Two-torus compactification

Further D = 8 thresholds, supersymmetric recursion relations and gen-

eralized prepotentials

D1-instanton interpretation

D = 8 heterotic thresholds with non-zero Wilson lines
Heterotic thresholds in D < 8

Conclusions and remarks

Modular functions

AL SL(2,Z) modular functions and covariant derivatives . . . . ... .. ..

'A.3 Hecke operators . . . . . .. ..

Heterotic/type-I duality in D < 10 dimensions
Elliptic genera for general N = 4 ground states
Properties of the (2,2) lattice

One-loop threshold integrals

E.1 Calculation of one-loop threshold integrals . . . . . ... ... ... ...
£.2 Generalized prepotentials . . . . . . ... Lo oL

Large T, expansion of heterotic one-loop integrals
Recursion relations and prepotentials

Heterotic threshold integrals for general toroidal compactification

A.2 Generalized Jacobi forms and covariant derivatives . . . . . . . . . . ..

105 IR
1y !

1 FCor IO
INI I.Eb_l 1 —

I

©

,-
SN

rSd RS
I-E';_II N

'™

o



1 Introduction and results

D-brane solitons and instantons are a key element of all non-perturbative duality conjec-
tures. While solitons have been studied vigorously, the attention paid to instantons has
been lesser and more recent: it includes work on the point-like D-instanton of type IIB [1]—
[7], on the resolution of the type-IIA conifold singularity by Euclidean 2-branes [8]—[1U],
and on non-perturbative effects associated with Euclidean 5-branes [11]-[14]. Here we will
look at a simpler case, that of Euclidean D-strings present in type-I SO(32) string the-
ory: these are physically less interesting, since they are mapped by strong/weak-coupling
dualities to standard world-sheet instanton effects on the type-IIB, respectively heterotic
side. Our motivation is however different: we would like to gain a better understanding
of the rules of semi-classical D-instanton calculations, which could prove useful in more
interesting contexts. We will at the same time elucidate some subtleties of the above
duality maps, when applied below the critical dimension.

There have been many qualitative checks of various non-perturbative dualities, but
so far quantitative checks are scarce. In order to do a tractable quantitative test of a
non-perturbative duality we need to carefully choose the quantity to be computed. Since
usually a weak coupling computation has to be compared with a strong coupling one, one
has to choose a quantity whose strong coupling computation can also be done at weak cou-
pling. Such quantities are very special and generally turn out to be terms in the effective
action that obtain loop contributions from BPS states only. They are also special from
the supersymmetry point of view, since the dependence of their couplings on moduli must
satisfy certain holomorphicity or harmonicity conditions. Moreover, when supersymmetry
commutes with the loop expansion, they get perturbative corrections from a single or-
der in perturbation theory. Such terms also have special properties concerning instanton
corrections to their effective couplings. In particular, they obtain corrections only from
instantons that leave some part of the original supersymmetry unbroken. Sometimes,
such terms are directly linked to anomalies.

For ground states with N = 2 supersymmetry,’ the two-derivative terms in the ef-
fective action have the properties mentioned above. All the information about the two-
derivative effective action is contained in a prepotential which is holomorphic in the
vector-moduli, and another one which contains the hypermultiplet moduli. Moreover,
there is a tower of higher-derivative terms [15] that also have such special properties, and
their action can be written as an F-term. The simplest such bosonic term is the R? term.

In the case of N = 4 supersymmetry, the two-derivative effective action does not
receive any corrections, either perturbative or non-perturbative. The higher-derivative
terms that have the special properties mentioned above are, among others, the four-
derivative F'* and R? terms, the six-derivative F2R? terms and the eight-derivative R*
terms [16].2 In this paper we will focus on such terms in vacua with N = 4 supersymmetry.

'We count the supersymmetries using four-dimensional language (in units of four supercharges).
2The analysis of F_IZ:] strongly indicates that there is also an infinite tower of such terms, as in the
N = 2 case, which are special.



In [i18] the relevant heterotic as well as some type-I one-loop thresholds were calculated.
In D = 9 no instanton corrections are expected and the two sides could be matched in
perturbation theory. The thresholds of the irreducible terms, trR*, trF* obtain only
one-loop contributions on both sides. Via the duality map, the heterotic result for the
factorizable terms (trF?)? (trR?)?, trF?tr R> were shown to contain terms that come
from higher genus (xy = —1, —2) on the type-I side. These are contact (boundary) terms
on the type-I side and their appearance was motivated. Their presence is associated
with the (mild) non-holomorphicity of the elliptic genus on the heterotic side, while they
are related to the different structure of supersymmetry on the type-I side. World-sheet
contact terms are responsible for this non-holomorphicity on the heterotic side. It was
shown that the one-loop (non-contact) terms matched on both sides. This worked because
the winding sum in the heterotic side can be traded for unfolding the torus fundamental
domain to a strip, which is the relevant annulus fundamental domain on the type-I side.
It is crucial for this that no windings appear in the type-I theory. This is essentially the
old trick used in finite temperature string theory, which maps a case with windings and
a torus fundamental domain to a case without windings and an annulus domain.

The D = 8 case was further considered, where D1-brane instanton corrections are ex-
pected on the type-I side. The Wilson lines were set to zero and the heterotic thresholds
were calculated as functions of the two-torus moduli 7', U. Using the heterotic/type-I
duality map, the heterotic result was separated into perturbative and non-perturbative
type-I parts. The perturbative part depends only on U and has a structure similar to
that in D = 9. The non-contact terms were again shown to agree with a one-loop calcu-
lation on the type-I side. The non-perturbative part was given an elegant interpretation
in terms of D1-brane instantons. The relevant configurations turn out to be a single Eu-
clidean D1-brane wrapped (holomorphically) in all possible ways around the two-torus.
Wrapped configurations related by large diffeomorphisms of the D1-brane world-sheet
should be considered equivalent and not be summed over. Multiple D1-branes at a non-
zero distance do not contribute, because of zero modes. However, configurations that
factorize into several independently wrapped (overlapping) D1-branes should also be in-
cluded. This is necessary for restoring the SL(2, Z)r T-duality symmetry. The necessity
of including independent wrapped D1-branes can be interpreted (in the Minkowski case)
as the presence of bound states at threshold.

By directly evaluating the classical D1-brane world-sheet action (which is known in-

2T of the heterotic result were reproduced. Most

dependently) the exponential terms e
interestingly, the fluctuation determinant turned out to be, not unexpectedly, the het-
erotic elliptic genus evaluated at the complex structure modulus of the wrapped D1-brane.

In this paper we continue and generalize the analysis of [1§]. In D = 8 we turn on
all possible moduli, the T, U torus moduli as well as the 16 complex Wilson lines, 3.
We again evaluate the heterotic perturbative thresholds for the gravitational terms trR*
and (trR?)2. The piece that is non-perturbative on the type-I side is shown to be given
again by Dl-instantons. The fluctuation determinant is again holomorphic and is given

by the affine character-valued heterotic elliptic genus. We show that the full threshold



correction can be written in terms of generalized holomorphic prepotentials indicating a
hitherto unknown holomorphic structure of these higher-derivative terms in the context
of D = 8, N = 1 supergravity. The existence of such prepotentials is shown to be
intimately related to the presence of the two-torus. Differential identities satisfied by the
torus lattice sum translate into existence conditions of prepotentials.

The instanton results can be expressed in terms of Hecke operators. As pointed out
in [19], it is in this form that they should be derivable from a D1-matrix model.

We further compactify both theories to D < 8. The heterotic threshold is perturbative
for D > 4. We evaluate it and subsequently show that it translates into perturbative
type-I contributions as well as D1-instanton corrections, where now the world-volume of
the D1-brane (with T topology) is mapped supersymmetrically in all possible ways into
T19-P The one-loop determinant around the instanton is again given by the heterotic
elliptic genus evaluated at the induced complex structure on the world-volume of the
Euclidean D1-brane.

The structure of the paper is the following. In Section 2 we present some general
remarks on perturbative and non-perturbative corrections for the special terms in the
effective action in the presence of N = 4 spacetime supersymmetry. In Section 3 we
discuss the form of one-loop thresholds for the relevant R* and F'* terms and their relation
to the elliptic genus. In Section 4 we present the calculation of the D = 8 heterotic
thresholds, while these are further discussed in Section 5, along with supersymmetric
recursion relations and generalized prepotentials. The corresponding D1-brane instanton
interpretation on the type-I side is given in Section 6. The case with non-zero Wilson
lines and its D1-brane interpretation is given in Section 7. Section 8 discusses toroidal
compactifications of the heterotic string to lower dimensions and the corresponding D1-
brane interpretation. Finally, Section 9 contains further remarks and directions. In
Appendix ‘A we present useful facts about modular forms and various modular covariant
derivatives. In Appendix B we give the duality map of heterotic/type-I duality in less
than ten dimensions. In Appendix  we outline the calculation of one-loop threshold
corrections for general heterotic N = 4 ground states. In Appendix D we list various
useful properties of the (2,2) lattice. In Appendix H we evaluate the integrals relevant for
the heterotic threshold calculation in D = 8. In Appendix ! we derive the large volume
expansion of the heterotic thresholds. In Appendix [ we discuss recursion relations
satisfied by heterotic thresholds and how these translate into the existence of generalized
prepotentials. Finally, in Appendix H we calculate the one-loop heterotic thresholds for
toroidal compactifications to D < 8.

2 The setup and some general remarks

The effective action for 4, R*, and R?F? terms in an N = 4 theory can receive correc-
tions that are either perturbative or non-perturbative. Of course, the distinction between
perturbative and non-perturbative corrections depends on a given string theory one starts
with. Perturbative corrections in one description can contain non-perturbative contribu-



tions when translated in a dual description in terms of a different string theory. When,
however, such terms obtain one-loop contributions in a given description, then these con-
tributions are proportional to a supertrace of the helicity to the fourth power?[18]. Since
the helicity supertraces are essentially indices to which only short BPS multiplets con-
tribute [16, 20], the one-loop contribution to such terms is due to BPS states only. The
appropriate helicity supertraces count essentially the numbers of “unpaired” BPS multi-
plets. It is only these that are protected from renormalization and can provide reliable
information in strong coupling regions.

In fact, calling the helicity supertraces indices is more than an analogy. In our con-
text, unpaired BPS states in lower dimensions are intimately connected with the chiral
asymmetry (conventional index) of the ten-dimensional theory. It is well known that the
ten-dimensional elliptic genus is the stringy generalization of the Dirac index [21, 22].
Projecting the elliptic genus on physical states in ten dimensions gives precisely the
massless states, responsible for anomalies. In lower dimensions, BPS states are deter-
mined uniquely by the elliptic genus, as well as the compact manifold data (in our case
the toroidal lattice sum). Moreover, the amplitudes that only have BPS contributions
are governed by the ten-dimensional elliptic genus and its covariant derivatives as will be
shown later on in this paper. It would be interesting to generalize in a model-independent
way the relationship of standard indices and helicity supertraces giving rise to the elliptic
genus.

For several four- or six-dimensional ground states with N = 2,4 supersymmetry, there
is a trio of dual descriptions corresponding to a type-1I, heterotic and type-I (open) de-
scription. In the type-II description the special terms described above seem to obtain
perturbative contributions from a single order in perturbation theory. This order is pro-
portional to the number of fields appearing in such a term if it belongs to the gravitational
sector. Moreover, these different loop-order contributions satisfy recursion relations [15].
In the heterotic description such terms seem to obtain perturbative contributions only
at one loop. Successful comparisons of such corrections have been made [24] between
heterotic/type-II N = 2 dual pairs.

The case of the type-I duals is more special. One of the reasons is that supersymmetry
in type-I theory does not “commute” with the genus expansion. This can easily be seen
by observing that, for example, the Green-Schwarz anomaly term B A F* appears at
one loop while the CP-even term F* appears at the disk level. However, the two are
related by supersymmetry [25]. Since supersymmetry is essential in duality, we would
expect subtleties in comparing the type-I with the heterotic string past the tree level.
Already in [26] a comparison was made between N = 2 heterotic and type-I vacua in four
dimensions, using the techniques and results of [27]. It was shown that the duality map
has to be modified since on the type-I side there are one-loop corrections to the Einstein
term that modify the passage to the Einstein frame where dual theories are compared.
Moreover, similar comparisons in N = 2 ground states have been made for the higher

3In N = 2 ground states the supertrace of the helicity squared is obtained instead.



F-terms [2§]. In [1§] it was shown that even for N = 4 ground states such subtleties arise
and have to be resolved.

On the heterotic side we consider compactifications of the ten-dimensional heterotic
string on a torus down to D < 10 non-compact dimensions. In heterotic perturbation
theory, the R? term appears only at tree level and does not get further perturbative
corrections. To argue about non-perturbative corrections, we will have to identify the
appropriate instantons that could contribute. Since the R? term is of a special kind,
only maximal supersymmetric instantons can contribute, and in the heterotic string this
is the Euclidean five-brane. In a toroidal compactification, an instanton correction from
the five-brane can arise if its six-dimensional Euclidean world-sheet can wrap (super-
symmetrically) around a compact six-torus. We would thus conclude that there are no
perturbative or non-perturbative corrections to the R? term for D > 4. At D = 4 we
expect instanton corrections and these were calculated using heterotic/type-II duality in
(13, 14] although a direct five-brane calculation is still lacking.

The R*, R?2F? and F* terms do get one-loop contributions. So far, we have been vague
concerning the tensor structure of such terms. Here, however, we will be more precise
[25, 29, 16]. There are three types of R! terms in ten dimensions: tg(trR?)?, tgtrR*
and (tgtg — €10€10/8) R*, where tg is the standard eight-index tensor [3U] and € is the
ten-dimensional totally antisymmetric € symbol. The precise expressions can be found
for example in [29]. There are also the tgtr R*trF?| tgtr F* and tg(trF?)? terms. These
different structures can be completed in supersymmetric invariants [25, 29]. The bosonic
parts of these invariants are as follows:

1 1
J() = (tgtg — §€10€10> R4 s Il = tgt’f’F4 — ZeloBtTF4 (21(1)

1 1
12 = tg(t?”F2)2 — ZﬁloB(tTF2)2 s 13 = tgt?”R4 — ZeloBtT'R4 (21b)

1 1
I, = tg(trR*)* — ZemB(trR?)2 , Is = ts(trR?) (tr F?) — ZemB(trRQ)(trF?). (2.1¢c)

As is obvious from the above formulee, apart from the Jy combination, the other four-
derivative terms are related to the Green—Schwarz anomaly by supersymmetry. Thus,
in ten dimensions, they are expected to receive corrections only at one loop if their
perturbative calculation is set up properly (in an Adler-Bardeen-like scheme). The Jj
invariant is not protected by N = 4 supersymmetry. Heterotic/type-II duality in six
dimensions implies that it receives perturbative corrections beyond one loop. It is however
protected in the presence of N = 8 supersymmetry [5].

Here we would like to remind the reader of a few facts about heterotic perturbation
theory. There are many subtleties in calculating higher-loop contributions that arise from
the presence of supermoduli. There is no rigorous general setup so far, but several facts are
known. As discussed in [31] there are several prescriptions for handling the supermoduli.
They differ by total derivatives on moduli space. Such total derivatives can sometimes
obtain contributions from the boundaries of moduli space where the Riemann surface



degenerates or vertex operator insertions collide. Thus, different prescriptions differ by
contact terms. In [32] it was shown that such ambiguities eventually reduce to tadpoles of
massless fields at lower orders in perturbation theory. The issue of supersymmetry is also
the subject of such ambiguities. It is claimed [31, 32] that in a class of prescriptions N > 1
supersymmetry is respected genus by genus provided there are no disturbing tadpoles at
tree level and one loop. The only exception to this is the case of an anomalous U(1) in
N = 1 supersymmetric ground states. In this case there is a non-zero D-term at one loop,
which naively breaks supersymmetry. Restoration of supersymmetry implies the presence
of a two-loop contact term that was found by explicit calculation [33]. To conclude, if all
(multi) tadpoles vanish at one loop and we use the appropriate prescription for higher
loops, we expect supersymmetry to be valid order by order in perturbation theory. It is
to be remembered, however, that the above statements apply on-shell. Sometimes there
can be terms in the effective action that vanish on-shell, violate the standard lore above,
but are required by non-perturbative dualities. An example was given in [14].

We now turn again to the terms on which we focus in this paper, which occur in the
presence of N = 4 supersymmetry. The CP-odd terms in (2.1) were explicitly evaluated at
arbitrary order of perturbation theory in [34]. There, by carefully computing the surface
terms, it was shown that such contributions vanish for ¢ > 1. The CP-even terms are
related to the CP-odd ones by supersymmetry (except for Jy). If there are no subtleties
with supersymmetry at higher loops, then these terms also satisfy the non-renormalization
theorem. This was in fact conjectured in [B4]. In view of our previous discussion on the
structure of supersymmetry, we would expect that once supersymmetry is working well
at ¢ < 1, it continues to work for ¢ > 1 for a suitable definition of the higher-genus
amplitudes. In view of the above, we will assume that the CP-even terms do not get
contributions beyond one loop. On the other hand, the Jy term (which is non-zero at
tree level) is not protected by the anomaly. Thus, it can appear at various orders in the
perturbative expansion. It can be verified by direct calculation that it does not appear
at one loop on the heterotic side. However, heterotic/type-IIA duality in six dimensions
seems to imply that there is a two-loop contribution to this term on the heterotic side. In
all of the subsequent discussion, when we refer to R* terms we mean the anomaly-related
tensor structures, I3, I4, which can always be distinguished from Jj.

If we now compactify on a torus, although it seems that there might be no standard
anomalies in the lower-dimensional theory, this is misleading. Consider for example a
compactification on a circle to nine dimensions. There are no anomalies in nine dimen-
sions, as can be seen by a standard analysis of massless diagrams. In field theory, that
would be the end of the story. In string theory however things are a bit different. Con-
sider the original ten-dimensional gauge symmetry. From a nine-dimensional point of
view, we still have massless gauge bosons, but also an infinite tower of massive gauge
bosons (Kaluza—Klein modes and winding modes of the original gauge bosons). If we
consider how ten-dimensional gauge transformations act on the nine-dimensional gauge
bosons, we find that they are still the standard gauge transformations for the massless
nine-dimensional bosons, but they act as transformations of a broken gauge symmetry



on the massive gauge bosons. Thus, the correct interpretation is that we are in a sponta-
neously broken phase of (part of) the ten-dimensional gauge symmetry. We know, on the
other hand, that a spontaneously broken gauge symmetry remembers very well poten-
tial anomalies visible in the unbroken phase. However, such anomalies would not come
from massless nine-dimensional diagrams. They would be visible when an infinite series
of nine-dimensional diagrams are included. The conclusion is that the anomaly-related
terms in ten dimensions are again anomaly-related in a lower dimension upon toroidal
compactification. The important question is: Are they still expected to get only one-loop
contributions in the lower-dimensional theory? This question cannot have a unique an-
swer, unless we specify some properties of the theory in question. In fact, as shown in
[L8], the answer to this question is different for the two dual theories under consideration,
the heterotic and the type-I string.

In the heterotic theory, the answer is simpler. Following our discussion, the anomaly
CP-odd terms obtain perturbative contributions only at one loop, for any toroidal com-
pactification of the heterotic string. This can be calculated directly, since it requires
minor modifications of the calculation in [B4]. For the CP-even supersymmetry-related
terms the answer is again expected to be the same and this is what we assume. Thus,
all perturbative corrections to the CP-even terms in I; are expected to come only from
one loop for any D < 10. As shown in [1§], this is not the case in the type-I dual. We
have already observed that there, supersymmetry does not “commute” with the genus
expansion. The net result of this upon compactification is that there will be “contact”
contributions from higher genera.

In particular, among the terms we are investigating in this paper, there are the fac-
torizable ones (trR?)?, trR?trF?, (trF?)? for which there are extra contributions from
surfaces with Euler number y = —1, —2. The appearance of such extra contributions is
controlled on the heterotic side by world-sheet contact terms at one loop. Although we do
not know the detailed supersymmetry constraints for the terms in question for D < 10 we
can guess, by analogy with the N = 2 case, certain recursion relations between different
thresholds. Such recursion relation imply, in the type-1 context, the presence of higher-
genus contact terms [18]. This situation is highly reminiscent of the anomalous U(1)
case in the heterotic string. This state of affairs also affects the type-I non-perturbative
contributions [18§].

We will now consider potential non-perturbative contributions. The type of instan-
tons that could contribute is governed by supersymmetry and the fermionic structure
of super-invariants, which can be inferred from supergravity analysis. Two derivative
terms in the lowest-order effective action contain terms with up to four fermions. The
R? invariant must contain terms with up to eight fermions. For the rest of the terms of
interest, we have: the super-invariants I;, « = 1,2, ---,5, must contain terms with up to
eight fermions, while Jy must contain terms with up to sixteen fermions. We are consid-
ering a class of theories that are invariant under a supersymmetry generated by sixteen
supercharges. In general, an instanton configuration will break part or all of the super-
symmetry. If it breaks all of the supersymmetry, there will be at least sixteen fermionic



zero modes in the fluctuation spectrum around the instanton configuration. In general
the number of zero modes is determined by some appropriate index theorem. However,
the set will always contain at least a number equal to the number of supersymmetries
broken by the instanton. In multi-instanton solutions, there are in general more bosonic
moduli describing relative positions and orientation. If the multi-instanton leaves some
supersymmetry unbroken, there will be more fermionic zero modes, supersymmetric part-
ners of the bosonic moduli related by the unbroken supersymmetry. This is the reason
why for the terms we will be considering in this paper, instanton contributions will come
from configurations with a minimal number of instanton moduli.

The next question to be answered is: What part of the supersymmetry can an in-
stanton configuration break? The answer to this depends on the number of non-compact
dimensions. For D > 4 an instanton can break all or half of the supersymmetries. In
D = 4 breaking of 1/4 of the supersymmetries is also allowed.

Now, let us first consider multi-instanton configurations that break all supersymme-
tries. Then we have at least sixteen fermionic zero modes. Such configurations can give
non-zero contributions to terms in the effective action that contain terms with at least
sixteen fermions. From our last analysis, only Jy is in that class. Let us now consider
instantons that break half of the spacetime supersymmetries. In that case we have at
least eight zero modes and they can give non-trivial corrections to R?, as well as the
terms I;. If we restrict ourselves to D > 4, we can ask the question whether there are
such instantons in the heterotic theory. The answer was already given in [35], and the
relevant instanton configuration is the heterotic five-brane. In order to interpret it as an
instanton, on the other hand, we would have to wrap its six-dimensional world-volume
around a compact six-dimensional manifold (so that the instanton action is finite). This
is obviously not possible for D > 4. The conclusion is that for D > 4, in the heterotic
theory, there are no non-perturbative corrections to the terms R?, I; and of course to the
two-derivative terms. In D < 4 we do expect non-perturbative corrections due to the
five-brane. In [BG] it was argued that the instanton corrections to the F* terms are absent
in the globally supersymmetric case when D = 4 but are non-vanishing when D = 3.
This implies that in D = 4, the full stringy instanton result is zero or that it vanishes in
the limit that gravity is decoupled. The five-brane instanton calculation of F'* terms in
D = 4 remains to be done.

In the type-I theory the situation is slightly different. The configurations that break
half of the supersymmetries are the D1-brane and the D5-brane. As in the heterotic case,
the Db5-brane can only give instanton corrections when D < 5. The D1-brane has an
effective description as a soliton of the type-I effective theory [37] and also as a standard
D-brane [B8]. In both descriptions, the spectrum of its zero modes reproduces the world-
sheet structure of the heterotic string. The D1-brane can produce instanton corrections

T19=P producing at least

when D < 9. In that case, it can wrap around a two-cycle of
eight fermionic zero modes. Multi-D1-brane instantons, if they are some distance apart
in target space, cannot contribute to the amplitudes in question since, according to our

previous discussion, they have more fermion zero modes and thus, do not contribute. This



is in agreement with heterotic/type-I duality [1§]. Thus, D1-branes will be responsible
for non-trivial instanton corrections to the higher-derivative terms, on the type-I side.

According to the above discussion, we do not expect instanton corrections on the
type-1 side for D = 9. For 4 < D < 8 there will be instanton corrections due to the
D1-brane. These were computed for D = 8 in [1§] for vanishing Wilson lines. In this
paper we will concern ourselves with D = 8 and arbitrary Wilson lines as well as with
4 <D <8.

One final comment concerns a comparison between the instantons we are using here
and standard field-theory instantons. In field theory, we are usually considering two types
of instantons. The first are instantons with finite action, and a typical example is the
BPST instanton [39], present in non-Abelian four-dimensional gauge theories. Examples
of the other type are provided by the Euclidean Dirac monopole in three dimensions,
which is relevant, as shown in [40], to the understanding of the non-perturbative behaviour
of three-dimensional gauge theories in the Coulomb phase. This type of instanton has
an ultra-violet (short-distance)-divergent action, since it is a singular solution to the
Euclidean equations of motion. However, by cutting off this divergence and subsequent
renormalization, it can contribute to non-perturbative effects. Another famous case in
the same class is the two-dimensional vortex of the XY model, responsible for the KT
phase transition [41]. In four dimensions we also have the BCD merons [42], with similar
characteristics, although their role in the non-perturbative four-dimensional dynamics is
not very well understood.

Also in the context of string theory, we have these two types of instantons. Here, how-
ever, the behaviour seems to be somewhat different. Let us consider first the heterotic
five-brane [35]. This solution is intimately connected to BPST instantons in the transverse
space and is smooth provided the instanton size is non-zero. At zero size the solution has
an exact CFT description but the string coupling is strong. Non-perturbative effects are
important and a conjecture has been put forth to explain their nature [43]. Another type
of instanton whose effective field-theory description is regular is the D3-brane of type-11B
theory. On the other hand, the other D-brane instantons have an effective description
that is of the singular type. However, their ultra-violet divergence is cured in their stringy
description. This is already clear in the case of the type-I D1-brane relevant for this paper,
where the effective description is singular [37] while the stringy description turns out to
be regular and in particular, as we will see later, their classical action is finite.

There seems to be a correspondence of the various field-theory instantons to stringy
ones. We have already mentioned the example of the heterotic five-brane, but the list
does not stop there. In [44] it was shown that the three-dimensional Polyakov QED
instanton as well as various non-Abelian merons have an exact CF'T description and thus
correspond to exact classical solutions of string theory. Moreover, the three-dimensional
instanton can be interpreted as an avatar of the five-brane zero-size instanton when the
theory is compactified to three dimensions. Similar remarks apply to the stringy merons,
which require the presence of five-branes with fractional charge [44]. In that respect
they are solutions of the singular type in the effective field theory. In the context of
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the string theory, the spectrum of instanton configurations is of course richer, since the
theory includes gravity. However, the correspondence of field-theory and some string-
theory instantons implies that the field-theory non-perturbative phenomena associated
with them are already included in a suitable stringy description.

3 One-loop heterotic thresholds

In this section we review the calculation of BPS-saturated one-loop effective couplings in
heterotic string theory. These have the form [45, 4]

2
It = —N(2m)¢ / dT—QT (1) T g A(F,R,T), (3.1)
F 2

where d = 10 — D is the number of compact dimensions, A is an (almost) holomorphic

modular form of weight zero related to the elliptic genus [21, 22] and F and R stand for

the gauge-field strength and curvature two-forms respectively. I'y 4 is the lattice sum over

momentum and winding modes for d toroidally compactified dimensions, F' is the usual
fundamental domain, and

V(D)

= St

is a normalization that includes the volume of the uncompactified dimensions [i1G]. For

simplicity, we first discuss here the case of vanishing Wilson lines on the d-hypertorus,

(3.2)

reinstating the Wilson line dependence further below. Then, the sum over momenta (p)
and windings (w) is given by

Laga = Z e TP/ minp Y (3.3)

p?w

and factorizes inside the integrand. Our conventions are
o =1, g=e"" | &r =dndmn, (3.4)

while winding and momentum are normalized so that p € %Z and w € 2rR7Z for a
circle of radius R. The Lagrangian form of the above lattice sum, obtained by a Poisson
resummation, reads

Lia= d%m DD R R (3.5)
Ty ml nlez

with G; the metric and By, the (constant) antisymmetric-tensor background on the

compactification torus. For a circle of radius R the metric is G = R?.

The modular function A inside the integrand depends on the vacuum. It is quartic,
quadratic or linear in F and R, for vacua with mazimal, half or a quarter of unbroken
supersymmetries. The corresponding amplitudes have the property of saturating exactly
the fermionic zero modes in a Green—Schwarz light-cone formalism, so that the contribu-
tion from left-moving oscillators cancels out [46]. In the covariant NSR formulation this
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same fact follows from ¥-function identities. As a result A should have been holomorphic
in ¢, but the use of a modular-invariant regulator introduces some extra 7,-dependence
[46]. As described in more detail in Appendix {J, A takes the generic form of a finite
polynomial in 1/75, with coefficients that have Laurent expansions with at most simple
poles in ¢,

Vmax

AF,R7) = Z W(FR). (3.6)

v=0 n=-1 2

The poles in ¢ come from the would-be tachyon. Since this is not charged under the gauge
group, the poles are only present in the purely gravitational terms of the effective action.
This can be verified explicitly in eq. (8.7) below. The 1/75 terms play an important role in
what follows. They come from corners of the moduli space where vertex operators, whose
fusion can produce a massless state, collide. Each pair of colliding operators contributes
one factor of 1/75. For maximally supersymmetric vacua, the effective action of interest
starts with terms having four external legs, so that v, = 2. For vacua respecting half
the supersymmetries (N = 1 in six dimensions or N = 2 in four) the one-loop effective
action starts with terms having two external legs and thus vy, = 1.

Much of what we will say in the sequel depends only on the above generic properties
of A. It will apply in particular to the most often studied case of four-dimensional vacua

with N = 2. For definiteness we will, however, focus our attention on the toroidally
compactified SO(32) theory, for which [45, 46]

1 E3 1 E2E2
A(]:aRaT):tStr}—4 + mn4 ts trRY + 29 . 32 4t8 (tr RZ)
1 Ei) EA22EZ E2E4E6 7 2 212
T [@Jr FTRE S T '3] ts (trF~) (3.7)
1 [E,EE, E3E? Y
+ 28 . 32 [ 7724 - 7]24 t8 trF trR-.

Here tg is the well-known tensor appearing in four-point amplitudes of the heterotic string
[BU], and Ey are the Eisenstein series, which are (holomorphic for £ > 1) modular forms
of weight 2k. Their explicit expressions are collected for convenience in Appendix A. The
second Eisenstein series Fj is special, in that it requires non-holomorphic regularization.
The entire non-holomorphicity of A in eq. (8.7), arises through this modified Eisenstein
series.

We will also give here the gravitational thresholds in the case of non-trivial Wilson

lines:
het d d*t d/2 1
Iyt = —-N(27) / 2 (12)"“ T'gar16 AR, T), (3.8)
F T3
where R
1 1 4 4 E2 2
A(R, T) = tg m @ tg trR 29 32 7]24t8 (t?”R ) (39)

An explicit form of the lattice sum in the Lagrangian representation is given by
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Fd—l—lﬁ,d(GJ B7 Y) =
det G {
VG

—E(G + B)rs(m! +nlr)(m’ + n‘]?)]

d/2
-
T2 minlcZ 2
1 1 16
—in(m! Y Yind +b nlY}) a+2n* YZ
x5 . I e 1Y D9 ey | (017 (3.10a)
a,b=0 1i=1

/2
Ty

S St det G E exp {—E(G + B)U(mI + nIT)(mJ + n‘]%)}
T2
mInleZ

ZHﬁ 1(YE(m® + ) |r)  (3.100)

ab 0:i=1

X exp [Z’]TZTL m’ +n’ T Y’Yz

where G, B are the constant metric and antisymmetric tensor and Y are the constant
Wilson lines.

In the toroidally compactified heterotic string, all one-loop on-shell amplitudes with
fewer than four external legs vanish identically [47]. This is not true for off-shell ampli-
tudes. In [14] it was shown that heterotic/type-1I duality implies an antisymmetric tensor-
gravitational Chern—Simons CP-even coupling, which vanishes on shell. Consequently eq.
(87T directly gives the effective action, without having to subtract one-particle-reducible
diagrams, as is the case at tree level [48]. Notice also that this four-derivative effective
action has infrared divergences when more than one dimensions are compactified. Such
IR divergences can be regularized in a modular-invariant way with a curved background
[49, 50]. This should be kept in mind, even though for the sake of simplicity we will be
working in this paper with a simpler cutoff procedure to be specified later.

4 Two-torus compactification

The comparison of the two theories in perturbation theory for D = 9 was discussed in
detail in [18]. They agree at one loop. Moreover duality implies higher contact contri-
butions on the type-I side. It was argued in [18] that such contributions are required
by supersymmetry. Here, we will review the next simplest situation, corresponding to
compactification on a two-dimensional torus with zero Wilson lines, which was treated
in [18]. In this case, there are world-sheet instanton contributions on the heterotic side,
and our aim in this and the following sections will be to understand them as (Euclidean)
D1-brane contributions on the type-I side.
The target-space torus is characterized by two complex moduli, the Kahler-class

1 —
and the complex structure

U == U1 + ZUQ - (Ggg + Z\/@)/Ggg 5 (42)
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where GG;; and By; are the o-model metric and antisymmetric tensor on the heterotic
side. The one-loop thresholds now read

Ve g2
7= [ ST 0) AR, (13)
F T2

2874

where the lattice sum takes the form [51]

T . _ T K
F272(T, U) _ 2 Z eZdeetAe 72[,?2 ‘(1 U)A( 1)’ ) (4‘4)

T2
A€eMat(2x2,Z)

Following Dixon, Kaplunovsky and Louis [51], we decompose the set of all matrices A
into orbits of PSL(2, Z), which is the group of the above transformations up to an overall
sign. There are three types of orbits,

invariant : A =0
degenerate : detA =0, A#0
non-degenerate : detA # 0

A canonical choice of representatives for the degenerate orbits is

-(02)

where the integers 7, p should not both vanish, but are otherwise arbitrary. Distinct
elements of a degenerate orbit are in one-to-one correspondence with the set of modular
transformations that map the fundamental domain on the strip. In what concerns the
non-degenerate orbits, a canonical choice of representatives is

b
iA:(O ;) with 0<j<k , p#£0. (4.6)
Distinct elements of a non-degenerate orbit are in one-to-one correspondence with the
fundamental domains of 7 in the double cover of the upper-half complex plane.

Trading the sum over orbit elements for an extension of the integration region of 7,

we can thus express eqgs. (4.3), (4.4) as follows:

(8) 2 2 - ) 2
Ihet — g X {/ d_;—_A + d_;— Z e_%yjﬁ-pU‘ A+
F T3 strip

T o84
2 727 (.p)£(0.0)

d*t omiTpk — =2 |kr+jt+pU|” _
+2 — E e e 202 Ab =Toert + Linst. (4.7)
e T27 o<k
p#0

The three terms inside the curly brackets are constant, power-suppressed and exponen-
tially suppressed in the large compactification-volume limit. They correspond respectively
to tree-level, higher-perturbative and non-perturbative contributions on the type-I side.
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Substituting the form (B.6) of the elliptic genus in (4.7), we may write, for each of the

three contributions:
VT, &% & )
7 = 5T E E I, AV (F,R), (4.8)

v=0 n=-1
where the corresponding integrals I,,,, are computed in Appendix # and further rewritten
in Appendix F to exhibit the instanton expansion.
In particular, for the higher perturbative contributions we need

7Ty

pert __ OO dr — =T |j+pU|2_ | Uz v . —2(v+1)
Pt — Y e nl = (7 > li+pUl . (4.9)
0

2 (1p)#00) (7.0)2(0,0)

In the open-string channel of the type-I side, this properly takes into account the (dou-
ble) sum over Kaluza—Klein momenta [16]. Notice that the holomorphic anomalies in
A lead again to higher powers of the inverse volume, which translate to higher-genus
contributions on the type-I side. Notice also that the v = 0 term has a logarithmic in-
frared divergence, which must be appropriately regularized. In all D = 8 calculations we
regularize the thresholds by removing the contribution from the massless states.

We now turn to the contributions of the world-sheet instantons, in which case we are
led to consider the integrals

. d27— . 7Ty k . 2 1 .
2 : - T+j+pU
I;nrslt —9 / - e27rszk e T2Us | J+D | V€2z7r7'n ) (410)
oc ok JCH T2 T2
p#0

To write the final result, we expand the elliptic genus as

Vmax

A=Ay=> Ey®,(7) (4.11)
v=0

and define the following relatives of the elliptic genus

Vmax

A=D:y" (Z ) B, (1), (4.12)

V=s

where D, are the appropriate (non-holomorphic) covariant derivatives defined in Ap-
pendix A.T. In the next section we show that A, is also an elliptic genus relevant to
thresholds involving the moduli. Then, we find the following expression for the instan-
tonic contributions

V(S) Vmax 3 s 1 oeiT ok pU +]
Tt = —g5—Re D (—2W> > n T AS< : > , (4.13)
s=0 0<j<k 2
p>0

which is one of the main results of Ref. [I§]. In particular, it was shown there that this
form reproduces the sum of D1-instantons on the type-I side.
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Expression (4.13) has an elegant rewriting in terms of Hecke operators Hy. On any
modular form Fy(z) of weight d, the action of a Hecke operator, defined by [52]

Hy Z 3 W E, <pz+j) , (4.14)

kp>0 0<j<k

gives another modular form of the same weight. The Hecke operator is self-adjoint with
respect to the inner product defined by integration of modular forms on a fundamental
domain. Using the definition (4.14) one finds

VO IR 3\ 1 :
Tt = ——R — mNT 1 AJ(U) . 4.15
= gmted (5n) g e IO 0

As we will argue in the next section, this form of the instanton sum should be related to
a matrix-model interpretation of the D-instantons.

5 Further D = 8 thresholds, supersymmetric recursion relations
and generalized prepotentials

In this section we will further analyze one-loop threshold corrections to low-energy cou-
plings beyond the ones described up to now. We will show that elliptic genera A, with
s = 1,2, that are defined in (4.13) and control the higher-genus corrections in (4.13) are
appearing in threshold corrections of other terms in the effective action. Such thresholds
are related via recursion relations to those of the F* and R* terms. We will argue in
analogy with N = 2 supersymmetry in four dimensions that such relations are dictated
by supersymmetry.

We start by reminding the reader of an analogous situation in heterotic ground states
with four-dimensional N = 2 supersymmetry, which can be obtained from six-dimensional
ground states upon compactification on a two-torus. It was shown in [63] that the one-
loop Wilsonian threshold correction to the four-dimensional gauge couplings (for zero
Wilson lines) is almost universal and has the form

A?:/fdz Tondo — bi] = /fdz [P22(¢1(7)E“2+<I>0(T)) —bl}, (5.1)

T2 T2

where

k; E4Eg k;
P —1 b; 2
Tt o o= 5= 1008)+ (52)

and ¢ labels a non-Abelian factor of the gauge group. In particular, k; is the level of

o, = —

the associated current algebra that determines the tree-level gauge coupling, b; is the -
function of massless states and j is the modular-invariant. The expression (5.1) parallels
the threshold expressions studied in this paper.

On the other hand, there is a one-loop correction to the Kéahler potential that governs
the kinetic terms of the two-torus moduli 7', U. We will focus for simplicity on the kinetic
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terms of T. The Kéhler metric has been calculated in [64, b3,

5], with the result

1 d’7 i E,E
L _ 4L
Kt = g [ )
1 d*t 1 d*t
= i [ Smane = o [ Traan (53)

where A; is the descendant of the F? elliptic genus. The two threshold corrections are
related as a consequence of supersymmetry [64]:
A® 3

b.
- 2@ i
k2T T

Oroy (5.4)
which is valid away from enhanced symmetry points.* That (5.%) and (5.3) satisfy (5.4)
can be shown as follows. The lattice sum satisfies the following identity:

TgﬁT%(TQFM) = 7'22(97-67-(7'2F272) . (55)

Act on (5.1) using (5.5) and integrate twice by parts, then eq. (5.4) follows, where the
last constant terms come from the boundary and where one has to use the relation

2
Al = §7'2287-(97- AO . (56)

In this relation, A; would have been zero were it not for the non-holomorphicity of the
elliptic genus Agy. To put it otherwise, the world-sheet contact terms responsible for the
non-holomorphicity of the elliptic genus are crucial for spacetime supersymmetry.

Similar arguments should be applicable to N = 4 supersymmetry in D = 8. Unfortu-
nately in this case the detailed structure of supersymmetry relevant for higher-derivative
terms is not known in detail. Our results for the thresholds on the heterotic side, presented
in Appendix G, strongly suggest that there is a structure similar to N = 2 supersymmetry
in four dimensions, and that several couplings can be written in terms of holomorphic
prepotentials. Despite this lack of knowledge, there is, as we will now show, a general-
ization of the structure we presented above for D = 4, N = 2 ground states, and similar
recursion relations exist as well. We conjecture that such recursion relations are due to
supersymmetry.

From now on we will specialize to the O(32) string compactified on a torus. Let
us consider first the one-loop correction of a four-derivative term involving the toroidal
moduli only. At tree level such a term is obtained from a dimensional reduction of the tr R?
term, which does not receive loop corrections. As we shall see, the one-loop correction is
entirely due to world-sheet instantons. The torus moduli are Gy, By;. We will use some
arbitrary basis ¢; for the moduli. The appropriate vertex operators for ¢; are

Vg, = vp,0X1(0X7 — ip,h?)e ™, (5.7)

4There are extra corrections there, see [56, 53].
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where

- 0
vy = 96, (Gr7+ Bry) . (5.8)

Doing the direct calculation of the torus amplitude, we obtain the following term in the
effective action®

ZM (g g?7 — g g"7 + 9" g"P)8,ui00 i 0pPrOs i (5.9)
where
Zijkl = U}1J1vészU?ngfUthz;(GIIIQGISI4 - G1113G12I4 + GIII4GIQI3)IJ1J2J3J4 (510)
and
IJ1J2J3J4 \/_/ ' Z 77’)1 —|—’I’L i 67%(G+B)KL(mKJrnKT)(mLJran) (£Z> .
p |4 n24

(5.11)
Let us now focus on D = 8 where the lattice is two-dimensional and the relevant
moduli® are T, U. Then, for the (9T9T)? we obtain, using (5.11), the relevant integral:

2772 1 d2 E2 d2
T=T 2 F 2
/ —_—24 —2D (72]22)7724 —_4 2,2 D <7724) T4/ F22 A2
5 (5.12)

where, in the second step, we have integrated by parts twice. The boundary terms

2 2
/ d2’7' (9 |: L E24 aT(TQFQQ) - 7'2]:‘2’2 <8 + ) < ! E ):| (513)
F 51 T2 750

can be verified to vanish and A, is given in (4.12).
We also have terms of the form (9¢)%trF? and (0¢)?tr R%. By direct calculation we
obtain the one-loop term of the form’

3 1
Z0,0,0,0;tr (Fj — Zgu,,FZ) , (5.14)
where
79 =} vl GBI (5.15a)

d T sz + ngT
Tl _\/_/ —| X
r 7—2 m;J i=1
_T m n-7T)(m n-T k
w75 (GTBIkL (T 4nKr)(ml+nl7), {QZ— } , (5.15b)
47Ty

5We will not worry about overall, moduli-independent normalization of the thresholds.
6We set the Wilson lines to zero.
"Such threshold integrals were calculated in [55].
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In the O(32) case at hand

k 1 EQE — B, Eg
t 2 —_—. 5.16
" {Q 47r7'2] 12 n?4 (5.16)
A similar computation gives a term as in (5.14), with F' — R and
d*r m’i +nliT
IJ1J2 —
) F 7-2 m;‘f [H
xe 7 = (G+B) gL (m™ +nf ) (mP +nl7) (EQiZ%) . (5.17)
U

Specializing to D = 8 we find that for the terms 0T0TtrR?* and T0TtrF? the
threshold correction is given by

a2 1 d2’7' 1 E2E2 — E4E6
ZTTE = /—2 0- (TQF22)142—7724
E,E? — E,\F,
_ _/ _F22 <—2 142 77244 6) (5.18a)
Z = — —2 (9 (TQFQQ) 12 7]24

E,E2
= — F — | . 5.18b

The elliptic genera appearing in egs. (:_5;1_&) are essentially A, in (4.12) for the appropriate
terms.

We can now discuss recursion relations, which are supposed to hold because of super-
symmetry. We consider as a starting point the (¢7F?2)? threshold

ZE) / CTr,, A" (5.19)

It can be verified that the elliptic genus (4.11) and its relatives defined in (4.12) satisfy
the following recursion relation

1/2\°
ASZQ(g) D3 (—in730;)° Ay . (5.20)

By straightforward algebra, using the form of the covariant derivatives from Appendix A
(D = D,Q, Z)2 = D,2D74 etc.), we find

A = 2722878; Ao (5.21a)
1/2\*[ , , 1,
AQ = 5 g (7'2 67-(97-) - 57'2 87-(97- AO . (521b)
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These are special cases of the relations (G.2) and (G.3).

Again we emphasize that these recursion relations are due to the non-holomorphicity
of the elliptic genus. Following the same procedure as in the N = 2 case we can derive
the following recursion relations

3 7 tant
OrogZ 0 = 71T 4 % (5.220)
2
1 P =2
(Tg@Tﬁf — 5) (T2Z7TFY = 313 Z™*T" 4 constant’ . (5.220)

The constants come from boundary terms. Similar recursion relations can be written
down for all the factorizable terms we are considering in the paper.

We believe that these relations are a consequence of supersymmetry, as in the N = 2
case. They only exist owing to the world-sheet contact terms in the heterotic result.
These contact terms imply a higher-genus contribution in the type-I side. It is natural
to conjecture that their presence in the type-I theory is due to the different realization of
supersymmetry.

Such recursion relations between elliptic genera and differential equations satisfied by
the (2,2) torus lattice sum imply the existence of prepotentials, generalizing the N = 2
situation in four dimensions.

We consider the following integrals

d*r
\Ijs = T [FQ,Q (T7 U)AS - 063,0] ) (523)
F T2
where s = 0,1,2,-- -, /max and A, are the relative elliptic genera. C' is the coefficient of

the ¢° term in Ay. The IR is regulated by subtracting the contribution of the massless
states; Wy is real.

The (2,2) lattice sum satisfies various differential identities summarized in Appendix
D. Tt is shown in Appendix G that, using such equations, the thresholds (5.23) can in
general be written as

Vmax

v+ s)!
\Ifs = —0(5570 IOg(TQUg) + Z 68((Vf)

sl DFD6FAT.U) el (5.24)

V=s

where Dy, Dy are the appropriate covariant derivatives defined in Appendix 4. The
functions f, depend holomorphically on the moduli 7,U. They are prepotentials gen-
eralizing the usual case of N = 2 four-dimensional supersymmetry, which corresponds
t0 Vmax = 1 [66, 55]. They transform as modular forms of weight —2v in 7" and U, up
to additive pieces that are annihilated by the covariant derivatives. The full threshold
is duality-invariant. Explicit expressions of the prepotentials can be found in Appendix

E.2.
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6 D1l-instanton interpretation

In the type-I theory a flat Euclidean D1-brane, wrapped around the target space two-
torus, provides us with a supersymmetric instanton that has maximal supersymmetry.
Since the Dirichlet boundary conditions are imposed in the eight spacetime dimensions,
this is a defect localized in spacetime and thus an instanton. Maximal supersymmetry
implies that the number of zero modes is minimal and we expect that it is the only such
instanton that would contribute corrections to the effective terms under consideration.
For example, an instanton contribution to trF* at xy = 0 should be generated by the
diagram depicted in Fig. . We will be guided in our computation of the instanton
corrections by the heterotic result (4.13).

Figure 1: A Dl-brane instanton correction to trF%.

The Nambu-Goto world-sheet Euclidean action of the D1-brane is known [57] to be

1 2 —®/2, | A : /
Sp1 = 27Ta’/d oe |detG| Y- B, (6.1)

where G is the induced metric on the world-sheet

Gy = G0, X19; X", (6.2)
G is the type-I spacetime metric (o-model frame), B is the type-I (RR) antisymmetric
tensor and the factor e~®/2 is due to the fact that the action comes from the disk. The
tension 1/27wa’ has been computed directly in [5§].
We will now evaluate the classical action of the D1-brane wrapped around the target
space torus. Using Cartesian coordinates X', X2 € [0, 27] for the target space torus and
012 € [0,27] for the D1-brane, the o-model type-I torus metric is

(1 o)

G:
U, U |U]?

(6.3)
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The complex structure U defines complex coordinates as usual
Z=X'+UX? , Z=X'+UX"2. (6.4)

The map that wraps the D1-brane world-sheet around the two-torus is

()= (2 my (o). o5

To have a non-trivial wrapped configuration with the same orientation, nyms —nsmy; > 0.
For nymy — namy < 0, the orientation is reversed and the induced complex structure is
complex-conjugated. As we will see below, the first case corresponds to instantons, the
second to anti-instantons.
The complex structure of the original torus (6.4) induces a complex structure of the
D1-brane. Defining
z2=01+Uoy , Z=0,+Uoy (6.6)
the map from Z to z is holomorphic, Z = f(z). If the map changes the orientation, this

acts as complex conjugation on the complex structure. Using (6.4) and (6.5) we find that

[gei)

my1 + Umg
Z = U _— 6.7
(n1 + Uny) 01+n1—1—Un202 ) (6.7)
which implies that the induced complex modulus is
my + Umy
= — — > 0 Imi >0 6.8
i+ Ung n1Mo — NaMy , Am ( )
and —
U
Z/{:w , nimg —nom; <0 , ImU >0. (6.9)
ny + Uns

Modular transformations of the target-space torus act on X!, X% by SL(2,Z) trans-
formations. From (6.5) we deduce that they also act on the matrix of “winding numbers”
by left SL(2, Z) transformations. Modular transformations on the D1-brane coordinates
01,09, act on the winding number matrix by right modular transformations. Configu-
rations are equivalent if they are related by SL(2,Z) transformations of the D1-brane
coordinates o;. The reason is that, since we are using the Nambu—Goto type action,
we have already “integrated out” the world-sheet metric. Thus, we can use the right
SL(2,7) action to pick representative configurations with

(”1 m1>:(l(<): ;) L p>0 , 0<j<lk|. (6.10)

Ny Mg

For such configurations U = (pU + j)/k.
We can now evaluate the D1-brane classical action. Using (6.2), (6.5), (6.10) we find

\/|detG| = VdetG|pk| (6.11a)
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/ Bi;jdX"' NdX’ = pk Bis. (6.11b)

Denoting also \; = e®/2 we obtain
27 VdetG
Sclass - ? [‘pk’ \ — ZpkB12 (612)
I

As described in Appendix B the mapping between heterotic and type-I variables is

Tileo = Thlp 5 Unet = Ur and T, = %’1 We can express this in terms of heterotic
variables
VdetG B
T2|het = A\ ) T1|het = o (6.13)
to obtain
e~ Seass — exp [—27 (|pk|Ty — ipkT)] . (6.14)
When k£ > 0, we have instantons and
e_Sclass — 627Tika7 (615)

which is to be summed over k,p > 0, 0 < j < k. For k£ < 0, we have anti-instantons and
efsclass — 6727‘-2’ka’ (616)

which is again to be summed over k,p > 0, 0 < j < k. This precisely matches the
instanton expansion on the heterotic side in (4.13).

We now come to the issue of determinants. Since the D1-brane has the same world-
sheet structure as the heterotic string [38], we would expect that, up to volume factors,
the x = 0 (one-loop) contribution to the determinant should be the heterotic elliptic
genus evaluated at the modulus of the wrapped D1-brane, 7 — Y. This is suggested by
the heterotic expansion (4.13) and is also natural on the type-I side. For anti-instantons,

7 — U. Finally, there is an overall factor of v/detG/V deté’, the ratio of volumes of the
target space torus to the D1-brane torus. This can be understood as follows. The inverse
of vV detG is coming from the normalization of zero modes, while the v/ detG factor is the
standard volume factor of the target space torus.

This concludes the discussion for the tr F'* and tr R* terms. For the rest, there are extra
contributions coming from an instanton calculation for x = —1,—2. The holomorphic
determinants here are related to the heterotic elliptic genus via (4.13) and are the relevant
quantities that appear in the calculation of the generalization of the Kahler potential in
the N = 4 case (see Section §). Moreover, there is an extra overall factor of (detG)x/2
related to zero modes. It would be interesting to directly understand the type-I calculation
of these terms.

One final comment is in order here. The world-sheet theory of N D1-branes is a gauge
theory with (8,0) supersymmetry in two dimensions. It has an SO(N) gauge group, eight
scalars that transform in the symmetric tensor of SO(NN) and parametrize the relative
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distance moduli as well as another eight, which are SO(N) singlets and parametrize
the centre-of-mass position in transverse space. These are accompanied by left-moving
fermions coming from the DD Ramond sector. There are also DN fermions transforming
in the (NV,32) under SO(N) x SO(32). Thus, an SO(N) matrix theory describes the
dynamics of N D1-branes, [60]. As was observed in [19], in analogy with the type-II
case, we would expect that the IR limit is parametrized by separate coordinates of the N
D1-strings, with an orbifold identification when two of them coincide [61]. On the other
hand, it was shown in [62] that for symmetric CFTs the elliptic genus of an Sy orbifold is
given by the action of a Hecke operator of order IV on the original elliptic genus. Although
this was shown in the type-II context, it is also valid for heterotic orbifolds.

The above discussion provides an interpretation of eq. (4.15), which expresses the
instanton sum as a sum over Hecke operators acting on the elliptic genus. The N-th term
in the sum should come from N D1-brane instanton configurations. This interpretation
should be directly derivable from the appropriate matrix model [19].

7 D = 8 heterotic thresholds with non-zero Wilson lines

We will now include generic Wilson lines Y/, i =1...16, I = 1,2 which generically break
the gauge group to the Cartan, O(32) — U(1)'®. We define the following complex moduli

TU; —%2-92) (1 Ui Y1 - o
G 202 U, |UP ) 12 1 20, (7.1a)
Y = (1 +igp) = Y5 +UY, (7.10)

where we denote with y the sixteen-dimensional complex vector of Wilson lines. Note
that the volume of the two-torus in this parametrization is

YV =VdetG =T, — y;(.]yZ : (7.2)
2

We focus for simplicity on the gravitational one-loop thresholds given in (3.8) and

(8.9):

d? p
zit = A5 [ 5] (nLan(TU.9) AR 7). (73)
F 12

The appropriate elliptic genus for a given term can be written as
A=>"E5d,(r), (7.4)

where V. = 0 for trR* and vy, = 2 for (trR2)2. Here ®, is a modular form of weight
—8 — 2v and the explicit form of the relevant ®,’s can be read from (8.9). The integral
can be done explicitly and the result can be expressed in terms of polylogarithms. This
is described in Appendix . The trivial and degenerate orbits produce a result that is
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perturbative on the type-1 side. The non-degenerate orbits give a result that is non-
perturbative on the type-I side. We are interested in the large volume expansion of the
non-degenerate orbit contribution. This is derived in Appendix F, and we will reproduce
it here. We introduce the O(32); affine lattice sum

i) = Y errrema - LS o) (75
T ab 0i=1

where 7 is a vector in the Spin(32)/Zy lattice. The full affine character is given by x
divided by 7!¢. Under modular transformations

X(§+ & + 7&|7) = e TR eR@Dy (i) (gl + 1) = x(g]7) (7.6a)
(=1 = ey i) (7.6b)
T T '

where € 5 are lattice vectors. These transformations define a generalized Jacobi form of
type (d,m) = (8,1). Properties of such forms are reviewed in Appendix A.2. We will
introduce also the covariant derivative on generalized Jacobi forms

_ i T
D:DT+—g2-8g—my2 ng’
TTo 5

(7.7)

which is such that DFd’m is a Jacobi form of type (d 4+ 2,m). D, is the usual covariant
derivative on weight d modular forms defined in Appendix A.1. We will now define the
relatives of the character-valued elliptic genus as

Vmax

Agr) = DY (V) ain By (). (7.8)

V=s

with Ay = x(7|7).A(7). Note that by setting the Wilson lines § to zero (7:8) reduces to
(4:12). The non-degenerate orbit part of the threshold can be written as

S ’ 1 2miTpk 4 _pU—+J
Linst = —WSRGZ( > Z W emPE A <py, I . (7.9)

0<j<k
p>0

which generalizes the zero Wilson-line result (4.13). It is also written as an expansion
in inverse powers of V, which is the volume of the two-torus (see eq. (7.2)). Using the
generalized Hecke operators Vi [63] of Appendix A.3, the result can also be recast in the
following form:

Tow = ~iAGRe Y. (5 ) ATV A) @), (710)
s=0

:1

which is the analogue of (4.15) obtained with zero Wilson lines.
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Before we proceed with the D1-instanton interpretation of the result, we should men-
tion that the thresholds in the presence of Wilson lines can also be written in terms of
generalized prepotentials. As shown in Appendix E.2, the generalization of (5.24) is

B B ~ Vmax (V+ S)‘ , )
\115 == —055’0 10g(T2U2 — Y- y2/2) + VES W [D fy(T, U, y) + CC] y (711)
where O acting on a (d,m) Jacobi form is
1 16 — 2d d
- _(9,-0,-2 C (g0 + T . (112
O 92 ((9y (9y Oroy + (gz T — 2T2U2) |:2 + Z(y2 (9y + 1507 + U28U)}> (7 )

It reduces to Dy Dy in the absence of Wilson lines. More explicit forms for the generalized
prepotentials in this case are given in Appendix E.2.

We will now interpret the result in terms of the D1-brane. The coupling of the D1-
brane to bulk gauge fields is a one-loop effect given by the diagram in Fig. 1. Thus, the
coupling to Wilson lines is also a one-loop effect; consequently, it is independent of the
type-I dilaton. We can evaluate the induced Wilson lines on the D1-brane world-sheet as

W = —WQ —f-Z/{V_Vl = py (713)

where we have used W; = Y,0,X% U = (pU + j)/k and the map (6.5), (6.10). This
explains the dependence of the generalized elliptic genus in (7.9). Thus, part of the one-
loop determinant is the heterotic genus evaluated at the induced world-sheet modulus U
and the induced Wilson lines .

The exponential factor exp[2mikpT| is composed of two parts. Using (7.1) we find
that the first part is the same as was discussed in Section 6 and that it is generated
by the D1-brane classical action. There is a left-over piece depending on the Wilson
]
This is the Quillen anomaly of the one-loop determinant of the 32 world-sheet fermion

lines, which after some algebra can be written in terms of induced data as exp[im

fluctuations of the D1-brane coupled to the induced Wilson lines w. There are also the
usual factors of volume, as in the case with zero Wilson lines. The terms in (7.9) with
s > 0 correspond to higher-loop contributions around the instanton, on the type-I side.
We conclude that the one-loop determinants around the D1-instanton are composed of
the heterotic elliptic genus evaluated at 7 = I multiplied on the one hand by the O(32)
affine character evaluated at 7 = U and at the induced Wilson lines ¥ — w and also
multiplied by the anomaly factor of the world-sheet fermions. Again we sum over all
possible wrappings of the D1-brane, modded out by the world-sheet diffeomorphisms.

Since, here, we can also write the result in terms of the generalized Hecke operators
Vy as in (7.10), it is this form that should correspond to the D1 matrix model with
non-trivial Wilson lines.

8 Heterotic thresholds in D < &

We will now discuss heterotic thresholds in toroidal compactifications to D < 8. As we
argued earlier, if D > 4 then the heterotic result is still one-loop only and can be evaluated.
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Using heterotic/type-I duality we find again the non-perturbative type-I corrections and
we show that their corresponding D1-brane interpretation is in agreement with the D1-
brane rules given in Section 6.

Our starting point is the general form of the one-loop thresholds

d*r
I}:‘ft = —ND/ 2 (ngmfd,d(G, B)) A(r), (8.1)
F T3
where the D + d = 10 and the d-dimensional lattice sum I'y 4 is given by
e m i i j j =
Laa(G,B) =~ > exp {—T—Q(G + B)y;(m' + n'r)(m! +ni7)| (8.2)

Ty minic
where G and B are the d-dimensional metric and antisymmetric tensor respectively. Al-
ternate forms of the lattice sum can be found in Appendix H.

The corresponding integral (B.I) can be evaluated again, using the method of orbits.
We refer to Appendix H for the main steps, and quote here only the result of the non-
degenerate orbit, which comprises the type-I instantonic contributions:

o 3 ’ ! \/a 2w T m,n
Tinst = —2Np Z (ﬂ) Z WG A (U™") (8.3)
s=0 m,n

where we have used the definition (4.19) of the elliptic genera. Here, the induced Kéahler
and complex structure moduli are given by

T™" = mBn + iy/(mGm)(nGn) — (mGn)? (8.4a)

gmn = (—mGn + i/ (mGm)(nGn) — (mGn)? ) /nGn (8.4b)

and the ) n' is over the non-degenerate orbits, which are parametrized by the following
integer-valued 2 x d matrices

. 0 ... 0
non-degenerate orbit: AT = ( = " ) (8.5a)
my ... M Miyr ... MMy
1<k<d , ng>mp >0 (mk+1,...,md)7é(0,...,0). (85b)

Note that for d = 2 the general result (8.3) reduces to the one given in (4.13).
Turning to the D1-brane interpretation of the result, we first wish to establish that

2mil™" agrees with the classical action of a D1-brane. The map

the exponential factor e
that describes the wrapping of the D1-brane world-sheet around a 2-cycle in the d-torus
is

X' =no +mioy, , i=1...d, (8.6)

where X* are the coordinates on 7% and 01,2 the D1-brane coordinates. We observe that
modular transformations on the D1-brane coordinates act on the matrix A that enters

(816)

g

ny ms

2
Il

(8.7)
ng mMmgq
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by right SL(2, Z) transformations, which forces us to pick the representative configura-
tions described by the matrices in (8.5).
In terms of the matrix Mt = (ADT = (n',m"), I = 1,2, we see that the induced

metric and antisymmetric tensor fields are
Gry = MiGy; M’ | Bpj= MiB;M,. (8.8)

In particular, going through the same steps as in Section 6, we find from the D1-brane
classical action (6.1) and (8.4), (B:§) that e <= precisely reduces to the exponential factor

e*™ ™" which is to be summed over the ranges indicated in (8.5). We also note that

we correctly observe the overall factor v/G/ VG =G /T5"". Moreover, the fluctuation
determinant is evaluated at the induced modulus U™" of the wrapped D1-brane.

This establishes the claim that the D1-brane rules in D < 8 are consistent with those
obtained for D = 8. In summary, we have found the intuitively expected result that
the instantonic contributions consist of all possible inequivalent wrappings of the D1-
brane around two-tori that are embedded in the d-dimensional target space torus modulo
reparametrizations of the D1-brane world-sheet.

In the eight-dimensional case we have shown that differential equations satisfied by
the (2,2) toroidal lattice sum translate into recursion relations for the thresholds, which
can be solved in terms of holomorphic prepotentials. There is a generalization of such
equations for the (d, d) toroidal lattice sum.

It was noted in Refs. [49, 64] that the toroidal partition function I'y 4(G, B; ) satisfies
the following differential equation:

2
0 1—-d 1 0? 1 0? d
A T - G T pp2 /21 B:7) —
(;G” ac, 2 ) 3 ;leGﬂlaBﬁaBkl 1 59 | ™ TG BiT) =0
(8.9)
which in the case d = 2 reduces to
[T228T8T — 7'22(978;} 7l (T, U;7) =0. (8.10)

However, the general differential equation in (8.9) is not invariant under the full O(d, d, Z)
duality group. It may be verified that it is invariant under integer B shifts and SL(d, Z)
basis changes, but there is no invariance under the remaining generators of the duality
group, which are the inversion and factorized duality. The latter two transformations act
on the matrix £ = G + B as follows:

E — Eil s E — [(1 — 6l)E + 61'] [GlE + (1 - 61)]71 y (ei)k,l = 51]451[ . (811)

For example, in the d = 2 case the factorized dualities correspond to T'— U and T' — 1/U
for i = 1 and 2 respectively, which do not leave the differential equation in (8.10) invariant.

This implies that there must be further constraints on I'y; generalizing the d = 2
relation

[T50r07 — U3 0y0g)| Dapn(T,U;7) = 0. (8.12)
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To find the generalization of this relation we note that there is another O(d, d, Z) invariant
differential equation on the lattice sum, which reads

2

B, o 1
ZszGﬂaE O, +%:Gijafij+zd(d—2) 47288] Taa(E;7)=0. (8.13)

ijkl

equation,

Fd7d(E;T) = 0, (814)

09? 0
Z(szsz - ij@ﬂm + (1 —d) ;GU@TU

15kl

which, for d = 2, turns out to precisely reduce to (8.12). In fact, there is an entire family

of constraints

Z(P Dot — D P, 11)672 + Z [(PG™' — Te(PG™ 1) P)y; 9
OB, 0B | & 9E;,

ijkl

Fd7d(E;T) = 0,

(8.15)
which include (8.14) for P = G. Here P is an arbitrary matrix.

Clearly (8.14) and its generalization (8.15) are not invariant under the duality group,
since (as (8B.9)) the inversion and factorized duality are broken, but these transformations
should be used to form a complete irreducible set of differential equations. For example,
under the inversion, we find that (8.15) with matrix P is transformed into the same
differential equation with matrix
P'=EPE , P=Plg,g. (8.16)
It is an open problem to find the general solution of such equations which will define
the analog of prepotentials in the lower dimensional case.

9 Conclusions and remarks

We have analyzed here heterotic/type-I duality in eight dimensions with arbitrary Wilson
lines as well as in D < 8 dimensions with zero Wilson lines.

We focused in particular on R* terms in the effective action that obtain corrections
from short multiplets.

In eight dimensions, the heterotic result is one-loop only. However, non-perturbative
instanton corrections are necessary on the type-I side. We identified the relevant in-
stanton configurations with a D1-brane wrapped around the compact two-torus. The
heterotic result implies a concrete way to count different instanton configurations. Mul-
tiple overlapping D1-branes have to be included, however, in order to restore T-duality.
Moreover, we have to sum over D1-branes wrapped in any possible way around 72 modulo
the modular transformations of the D1-world-volume. Most interestingly, the fluctuation
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determinant around a given Dl-instanton configuration is given by the heterotic ellip-
tic genus evaluated at the complex structure modulus induced on the world-sheet of the
wrapped D1-brane. The instanton result can be written in terms of Hecke operators.
In this form it provides a potentially interesting link with a SO(N) matrix model of
D1-branes. Finally, we have shown that the thresholds can be expressed in terms of
generalized holomorphic prepotentials.

We have also considered the heterotic perturbative thresholds in D = 8 in the presence
of arbitrary Wilson lines. We have calculated exactly the one-loop perturbative contri-
bution. In this case, heterotic/type-I duality predicts that the D1-instanton determinant
is the affine character-valued genus evaluated at the induced complex structure of the
D1-brane world-volume and the induced Wilson lines on this world-sheet. Moreover, we
found the exponential factors to be in agreement with the classical D1-brane action as
well as the Quillen anomaly of the 32 fermions.

Finally, we have discussed the heterotic perturbative thresholds in toroidal compacti-
fications to D < 8. In this case, again using heterotic/type-I duality, we find agreement
with the D1-brane rules obtained from D = 8. In particular, we observe all possible
wrappings of the D1-brane around the various two-tori that are embedded in the d-torus.
Moreover, the exponential factor corresponding to the classical action as well as the fluc-
tuation determinants are in agreement with the D = 8 result as well.

There are several questions, however, that remain open. An essential quantitative test
of heterotic/type-1 duality can be obtained by directly calculating relevant higher-genus
terms on the type-I side. Already in ten dimensions, the y = —1, (trF? — trR?)? term
should match the corresponding tree-level term on the heterotic side. In D < 10, further
higher-genus contact terms, corresponding to one-loop world-sheet contact terms on the
heterotic side, should be checked. This state of affairs in duality comparisons is not new.
Similar situations arise in N = 2 heterotic/type-II dual pairs with N = 2 supersymmetry,
and heterotic/type-I dual pairs with N = 2 supersymmetry.

At the effective supergravity level, knowledge of the holomorphic (D = 8) or quater-
nionic (D = 6) structure of the special derivative terms is missing. An analogue of the
higher F-terms of N = 2 supersymmetry should exist for N = 4 supersymmetry. The
expressions that we have obtained in Appendix £.2 for the heterotic thresholds in terms
of generalized prepotentials are very suggestive in this respect.

Since our results on the heterotic side are supposed to be non-perturbatively exact for
D > 4, a direct quantitative check could be made of the conjectured F-theory/heterotic
duality in eight dimensions [bY]. Techniques however are necessary on the F-theory side
to calculate the relevant amplitudes.

The heterotic result can provide a (missing) quantitative test of string—string duality
in six dimensions. The type-IIA theory compactified on K3 down to six dimensions
is conjectured to be equivalent to the heterotic string compactified on 7%. As in the
heterotic case, we do not expect non-perturbative corrections either on the type-II side
for the F*, R*, R2F? terms. This can be seen as follows: the relevant Dp-branes of
the ten-dimensional ITA theory have p = 0,2,4, 6,8 with world-sheets being 1,3,5,7,9-
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dimensional. To obtain an instanton contribution we need appropriate supersymmetric
cycles on K3 with dimension belonging to the list above. It is known that there are no such
cycles. Moreover, we also have the five-brane, which is magnetically coupled to the NS-NS
antisymmetric tensor. Since its world-sheet is six-dimensional it can only give instanton
corrections in D < 5 dimensions. Thus, in D = 6, heterotic/type-II duality can be tested
for the special terms in perturbation theory. Preliminary investigation suggests that the
relevant objects on the type-II side are the N = 4 topological amplitudes defined in [7].
Preliminary investigation shows that for example the tree-level F* terms on the type-II
side match the one-loop corrections to such terms on the heterotic side as required by
duality. We can further compactify both theories on a circle to five dimensions. There are
still no non-perturbative corrections on the heterotic side. In the type-II theory, we expect
instanton corrections from the D2- and D4-branes, which are electrically (magnetically)
charged under the 3-form. The D2-brane can wrap around S' and a supersymmetric two-
cycle of K3. The D4-brane can wrap on S! and the whole of K3. These non-perturbative
type-1I corrections are expected to reproduce the heterotic cross-terms coupling the (4,4)
and the (1,1) lattice. A more thorough investigation is needed, however.

Finally, although we do think that we understand the conceptual rules of instan-
ton calculations in string theory, there are several issues that remain to be answered
in this respect. A direct D-brane calculation of the Dl-instanton determinant should
be done. Such techniques are also of importance for five-brane instanton calculations in
four-dimensional ground states. Knowing how to do this calculation for the D5-brane will
provide, via various dualities, the rules for NS5-brane instantons in heterotic and type-I11
string theory.
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A Modular functions

A.1 SL(2,Z) modular functions and covariant derivatives

We list in this appendix the ¥-function definitions we use, and those associated with
modular forms. We also discuss modular-covariant derivatives and a number of identities
involving these.

Our conventions for the ¥-function are

(vl = Do el Do), (A1)

PEZ
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so that the Jacobi ¥-functions are given by

n(r) =g [ -¢", (A.3)

where ¢ = e*"7.

Holomorphic modular forms Fy(7) of weight d transform under the modular group as
Fd(T+1) = Fd(T) y Fd(—l/’]’) :Td Fd(T). (A4)

A set of modular forms, relevant for our purposes, are the Eisenstein series

(2k)!
Fyp=——-"—=—70G A5
with B,y the Bernoulli numbers and
Gox(T Z mt +n) (A.6)
(m,n)#0

for K > 1. For k = 1 the Eisenstein series diverges. Its modular-invariant regularization,
denoted with a hat and used in this paper, is

Ga(7) = lim Z (m7 +n) " 2|mT +n|"*. (A.7)
s—0
(m,n)#0
The (hatted) Eisenstein series are modular forms of weight 2k. The ring of holomorphic
modular forms is generated by E; and Eg. If we include (non-holomorphic) covariant
derivatives (to be discussed below) then the generators of this ring are E,, E4, E;.

Expressed as power series in ¢, the first few of the Eisenstein series are

Ey(q) = a 1og77_1—2421_q (A.8a)
1 q"
E — (5 + B +B) =1424 A.8b
1(@) =5 (0 + 05 +0) =1+ ozl_q (A8D)
ndq
Es(q) = (194 +93) (95 +0%) (95 —03) =1 - 5042 o (A.8¢)
The modified first Eisenstein series is
3
By=FE,— — (A.9)
7T7'2
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We can write the (weight 12) cusp form 1** and the modular-invariant j-function in terms
of E, and Ejg

1 . E} 1
1= g (BL - ES] . ==t T 0). (A.10)

There is a (non-holomorphic) covariant derivative that maps modular forms of weight
d to forms of weight d + 2, defined as

d/2 d
Fd+2:( 0- + / )Fd:_2 (qaq_—) Fy= Dy Fy. (A.11)

TTo 47Ty

The covariant derivative satisfies the distributive property
Dd1+d2 (Fd1 Fdz) = Fd2(Dd1Fd1) + Fdl (Dszd2) . (A'12)

We will suppress the index d from the covariant derivative and write multiple derivatives
as D". For example a double derivative on a weight d form is

D, = <iaT 4 w) <%aT d/2> . (A.13)

m TTY TTY

The following formulse allow the computation of the covariant derivative of any form:
1 1 2 2 .

D E2 - 6E4 - EEQZ s D E4 = §E6 — gEz E4 (A.14a)

D Eg=E? — F, E. (A.14b)

There is also a holomorphic covariant derivative on forms of weight d: the quantity
i d A
Fd+2 = (;87 + 6E2> Fd = Dd Fd (A15)

is a modular form of weight d + 2. It satisfies a distributive property similar to that in
(A.12). For the difference between the two covariant derivatives, we obtain:

A d ~
Dy — Dy = EEQ. (A.16)
We also list a number of identities involving modular forms and covariant derivatives,
which are used in Appendices H and F. In these expressions the quantity D°® always
stands for D_3D_4--- D_o,.
1) Expansion formula

S vV—s
1

(D'ES®,)(1) =) ) aﬁﬂ’;m(qaq)’ﬂ{s*m%(ﬂ (A.17a)
r=0 m=0
3m4" sl (v — s 2s+m—r
vs — (—1)stm_— A.17b
@rym (=1) QST!(m)( s+m) ( )
0<s<v , 0<r<s , 0<m<v-—s
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Two useful special cases are

(2s)! 1

—2)%g!
ReD%ir?t! = (=2 st Dl= ———— .
(—2)sslms 735

s ’

(A.18)

2) A special function and its derivatives. The following combined polylogarithm functions
L) play a very special role in the modular-invariant integrals of Appendix . Their

definition is
S

(s+7)!

— S—r7T ., 2mix
Lisy(z) = ; Ty (Im #)* " Ligyryq(€277) (A.19)
where
=1
Lig(z) = —a” (A.20)
are the polylogarithm functions. They satisfy the interesting relations
. > + m)' _ L(m)(Tk + Ul)
D3y D Lingn (ghaly) = S ™ gy A.21
vrll2s+1 (QTQU) Z:: m'(s _ m)|( ) (WTQUQ)m ( )
and their inversion
L(Tk+Ul) < s! 2m + 1

—4kl)*"" Dy DY Ligm1(dfqr) - (A.22)

(mTxUs)* (s —m)! (s +m+ 1)!(

m=0

A.2 Generalized Jacobi forms and covariant derivatives

We give in this appendix a generalization of Jacobi forms [63] and their associated
modular-covariant derivatives, and give various properties and application to characters.

We define a generalized Jacobi form of type (d,m)® to be a holomorphic function
Fym(y'l7T) (i =1...8) with the following transformation properties

Fym(y' +€7) = Fum(y'7) (A.23q)
Fd,m(yi 4 Tei’T) — efiﬂm(re-e+2e-y)Fd’m(yi‘7_) (A23b)
Fam(y'|m +1) = Fam(y'|7) (A.23¢)
Fymyi/r| —1/7) = 7° e”my'y/Tde(yih) , (A.234d)

where € is a vector in the lattice I'*. For our purposes, this will generally be one of the
even self-dual Euclidean lattices, which are the Fy root lattice with S = 8 or the root
lattice of Eg x Eg or weight lattice of Spin(32)/Z, with S = 16.

Then it can be explicitly verified that there exists the following non-holomorphic
covariant derivative o
Y2 Y2

7

D=D,+—§-0y—m (A.24)
TTY

8The number d is also called the weight and m the index.
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which is such that DFd,m is a Jacobi form of type (d + 2,m). Here D, is the usual
SL(2,Z) covariant derivative (A.11) on a weight d modular function, and g, stands for
the imaginary part of the S-dimensional vector . The inner product on this space is
taken with the metric ) on 90,

The generators of O(S + 2,2, Z) transformations are

U—-U+1 , T—>T , y—7 (A.25a)

U—-1/U , T%T—? , g—y/U (A.25b)

U—-U , T—>T+E-@+%€2U . g g+ eU (A.25¢)

U—-U , T—>T , y—y+e (A.25d)

U—-T , T—-U , §y—7g (A.25¢)

U—-U , T—-T+1 , g—g (A.25/)

UAU—% L T —UT | g—g/T. (A.25)

Note that the first four of these transformations, which leave the variable ¥V = T5 — 522—5’;2

invariant, are the ones used in (A.23) (ignoring 7'). A function Fy(y,T,U) is of weight
d in both T and U if it transforms with a factor U?% and T under the transformations

(A.258) and (A.254) respectively, and is invariant under the remaining transformations

in (A773).
We introduce the following notation for the O(S + 2,2) moduli:

A Jo0 0 1
o — (vt ) = (0. T U ab — ("Is) = A.26
y' =ty ) =@ TU) o0 ( 0 _77(2)> O (1 0)’ (4.26)

where 7)) is the metric on the lattice, generally taken to be unity. Inner products on this
(S + 2)-dimensional space are taken with the above metric and denoted by (,) so that,
for example,

(Y2,y2) = G2 - 2 — 2T U5 . (A.27)

On the space of O(S + 2,2, Z) covariant functions, we define the following operator

S —2d |d
_ ab - - a
Ui = 272 (77 Oy, Oy, + (Y2, 92) {2 + Zy28ya}> ) (A.28)

which satisfies the property that when Fig)(y,T,U) is a function of weight d in 7" and U,
then the function OF4) (7,7, U) is of weight d 4 2 in both T" and U. Also note that for
y =0, S = 0 the operator O reduces to the double covariant derivative Dy Dyp.

We also recall the definition of character and affine character lattice sums

X)) =>4 x(@gln) =) ¢ e (A.29)
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where 7 runs over the appropriate lattice. For example, when 7 € I'*?, we have for the
two relevant cases, S = 8 and S = 16, the affine character lattice sums

7 1 - - a )
el = + 30 T o8I (4300
a,b=0 i=1
I
Xz 017) = 5 > [T06) i Im)5 ZH@ \|7) (A.300)
a,b=0 i=1 a,b i=1
1
Xs0(32) Z H9 (y'|7). (A.30¢)
ab 01i=1

Comparison of the transformation properties of these affine character lattice sums and
(A.23) shows that that they are in fact Jacobi forms of weight (5/2,1). The full affine
characters are obtained from the lattice sums by dividing by 7°.

Some identities satisfied by the operators D and O are given below. All of these
expressions have been explicitly checked for s < 2, which covers the cases needed for this
paper. We conjecture, however, that they are valid generally, and as a non-trivial check
one may verify that they correctly reduce to the identities given in (A.21), (A.22) for
S = 0. Below, the quantities D* stand for D_sD—4--- D_os and similarly for [F°.

1) Expansion formula

1

(D° EXx(5)® == Z 3 Z s S x (A.31a)

r=0 m=0 p=0 n=0

< S ) (G100 (B ,)(7)

Vs simd 42" st (v —5s\ (2s+m—r—n)\ [T
0 = (1) ( ) ( ) ( ) (A.310)
rin! m s+m P

0<s<v 0<r<s , 0<m<v—s , 0<p<r , 0<n<s—r

Y

where x(y|7) is the affine character (A.29) of weight (S/2,1).
2) Covariant derivatives of special functions. The combined polylogarithm function de-

fined in (A.19) also satisfies

==t

- omi(ry)\ _ — /s (S/2+5+m) s ovs—m L) (1)
O Lz (e (7))_;(771)({5/_;—:«;)!)(_2) ) % (4.52)

where 7 = (7, —1, —k) so that (r,y) =7 -y + Tk + Ul and 72> = 7 - ¥ — 2kl. The inverse of
this relation is

(TZ)smemLZéerl (627ri(r,y)) )

Ly(ry) _§ ( ) (8/24+m)!(S/242m +1) (=1)°
(7(y2, y2)) ' (S/2+s+m+1)! om

(A.33)
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We also have the following identity

Rerid(®) ,,  y™ - -y™ ' =
1L s 0W2+s+mﬂ@4)mwk+dwﬁﬁw+l P
_ milgar g G2mil (A 34
W)SZ(m) G2Ts)l  @mtDl (g (A3

m=0

where the tensors d™ are totally symmetric and recursively defined from d® by

d(m_1) — d(m) a2ma2m+1 , 1 S m S S. (A.35)

ai...azm-—1 aj.. a2m+177

The inverse relation reads

4. a1 a g - ( ) (5/2 +m)\(S/2 + 2m + 1) (=27*)"(2s + D!
(Y2, Y2)* e — (S/2+s+m+1)! 45s!(2m + 1)!
xReD d™ -y eyt (A.36)

We finally note the relation

(=1)° (/2 +2s)! (25)! 1
2525 (S/2+8)! s (y2,y2)%

O°1 = (A.37)

A.3 Hecke operators

Consider a Jacobi form as defined in (A.23). Let Jz,, be the space of Jacobi forms of

{ W

type (d, m). We will define the following operators [63]

Vi [Fum)(y'|T) = Z Z dedm(py !p +j) (A.38q)

kp>0  0<j<k
kp=N

Un [Fam)(y'|7) = Fam(N y'|7) (A.38b)

Uy Jd,m — Jd,mN2 s VN : Jd,m — Jd,mN (ASSC)

Uv-Uu=Uun , Vu-Vw=Vx-Viu= > D' Up Vi (A.38d)
D|(M,N)

where D in (A.38d) runs over the common divisors of (M, N). The operator Vi is the
generalization of the Hecke operator Hy given in (4.14) and one may check that Vy[Fy,,]
gives a Jacobi form of type (d, mN).

B Heterotic/type-I duality in D < 10 dimensions

In this appendix we will derive the heterotic/type-I duality map once we have compactified
both theories on a torus to D < 10 dimensions.
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The heterotic string action in D dimensions is

1., 1 1
Shet — / dPxy/—ge™? {R + (0¢)* — EH2 - Z(M‘l)uFin‘“‘” + gTr(ﬁuM&‘M_l)
(B.1)
where 1
H,,=0,B,, — §A£LUFI;IP + cyclic . (B.2)
The (2d + 16) x (2d 4 16) moduli matrix M;; is
G! -G~C ~Gy?
M=| -C'G' G+C'G'C+YY C'GYYP4+Y! |, (B.3)
~-YG! YGIC+Y 14+YGY?

written in terms of the metric G, of the d-torus (d = 10 — D), the antisymmetric tensor
B,s, and gauge moduli Y with

L i
Caﬁ = Bag — 9 aYﬂ ) (B4)

with o, =1,2,---,dand 1 =1,2,---,16:

0 1 O
L=|1, 0 0 (B.5)
0 0 1y

Going to the Einstein frame we obtain

1 eD-2 . 4
S%‘i% = /V —JE R_ D_2au¢aﬂ¢_ 12 Hu pHNVP_
—2¢
ep—=2 1 [ oo | L wa -1
—— (M FLF + g Tr(0,M0" M )| - (B.6)

The ten-dimensional lowest-order effective action of the type-I string is
- LR e —— 1 v
Sty = / v —=G1o {e ®(R+ 0"99,®) — 1€ 2 Fu ™ = S HuH P} : (B.7)
Doing the standard toroidal reduction to D dimensions, we obtain
1 1
Sp = / V=g {e‘¢ {R + (0¢)* + ZaGaﬁaG“ﬁ — ZGaﬁF;‘ﬁFf“ﬁ“”} —
1 L L
— e RG Fy F g 2R e
\/_ 1 pvp 1 wa 1 pof
—VG EHNVPH + ZHWQH + ingH ,  (B.8)

where G stands for the determinant of the metric G,3 and

i i i pAa Fi i i i i
P, =F, +YF.* , F,,=0Y, , F, =04, -0A4, (B.9a)
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1 o A .
Caﬁ = Baﬁ — §5UY02Y5 s HHC’B = 8N0a5 + 5”Y;6MY5 (ng)

N 1 i A
By = Bua + BagAll + S0 Yadl, FP ., = 0uBay — 0,Bay (B.9¢)
Hyo =F2,, — CopF’ — 04YIF],  Fo®=0,A% - 9,A% (B.9d)
By =B, + = [AO‘ va + 05 ALASY] — (1> V)] — ACADB.g (B.9¢)
1 A a1 B A ny] :
Hyup = 0uByp — 5 [BuaFyp® + ACFY, + 6;A1F] | + cyclic (B.9/)

=0,B,, — AILUF‘] + cyclic .

Here we have extended the index ¢ = 1,2,---,16 to [ = 1,2,---,2d + 16 to incorporate
the 2d extra gauge fields Af, B, , coming from the metric and the antisymmetric tensor
respectively. The hat over the B in (B.94d), (B.9d) indicates the original components of
the ten-dimensional antisymmetric tensor. Furthermore

o= — %log(detG) : (B.10)

We will go to the Einstein frame g = €2#/(P—2) gg to obtain

(D-6)¢ s
a D—2 1 ¢
Soe = / oo { : ¢)2 : VG H,u, HY - £0Gas0G " — 2G4F@ frine
1 -
- Z Ge® H g H"P — ZeD—i“é GagFibo Ao
1 @w-6)9 P 1 (-4
- ZemD—Gz) G1/4F;VFW G = VGH,, o H"™™| . (B.11)

Define now in the type-I context

éag = (det G) ‘116 2 Gag (B.l?a)

¢ = ¢ 420 log(det G). (B.120)

Then the type-I Einstein frame action becomes identical to the heterotic one. Thus, the
duality dictionary in D dimensions is

/

g'=gr , YI'=Y! | By=B, , A'=4A , B,=B, (B.130)
6—D 2—D
(5= (det G) e F Goy , ¢ = 0+ g log(det G) (B.13b)

where primed indices refer to the heterotic side.
From now on we will set the Wilson lines to zero. In D = 9 we Will parametrize the

Rf

Rl =T, (B.14)
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@/

where \; = e?/? is the ten-dimensional type-I coupling constant that organizes the genus

expansion. In D = 8 we will use the T, U basis for the moduli G,g, Bag

L (1 U 0 1
Gap = 7+ , Bag =T : B.15
’ U2(U1 \UP) ’ 1(—1 0) (B.15)
Then .
T1|het = T1|1 ) Uhet - UI 5 T2|het = TZ (B16)
I
Finally, we note that in any dimension we have
Glg=e "?Gop. (B.17)

C Elliptic genera for general N = 4 ground states

We will consider here N = 4 heterotic ground states. The simplest case, which is con-
sidered in the text, is the one obtained from toroidal compactification of the O(32) ten-
dimensional heterotic string. There are, however, more general ground states with maxi-
mal supersymmetry once we are in less than ten dimensions. Such ground states can be
constructed as freely acting orbifolds of the toroidally compactified theory. In order not
to reduce the supersymmetry, the orbifold group must contain rotations that act only on
the (non-supersymmetric) right-movers and arbitrary lattice translations. Such N = 4
ground states have reduced rank and can contain current algebras with higher levels.
In all such ground states the one-loop corrections to the F* and R* terms can be
obtained from )
Ap =ty [ LTH0-D2 g0 2 py R). (C.1)
F T
where tg is the standard tensor [30]. In the above formula, A is the elliptic genus of the
internal CF'T, which has (¢, ¢) = (15—3D/2,26 — D) in the presence of background gauge
fields and curvature. The left-moving internal CFT is free (toroidal). The elliptic genus
is defined as a trace in the internal CFT

A(T> T, I, R) ‘R:F:O = TT[(_ 1)FqLoic/24qioia/24]R (C'2)

in the Ramond sector. In (C.1)) we are supposed to keep the terms that are fourth order in
R, F;. The elliptic genus obtains contributions only from ground states in the left-moving
(supersymmetric) sector. The only 7 dependence comes from the lattice sum.

In order to calculate the dependence of the elliptic genus on the background fields
we have to calculate the appropriate integrated correlation functions of vertex operators.
The R dependence of the elliptic genus does not depend on the details of the N = 4
ground state (apart from the overall normalization). It was calculated in [45] with the

E, (iR\> X By iR\
S22 () - () E
18" (27r> ;%(21{;!) "\or)

result
A(R,0)
A(0,0)

= exp

9The index I runs over all Abelian and non-Abelian factors of the gauge group.
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where B,y are the Bernoulli numbers.

The dependence on the field strengths can be obtained from the associated char-
acters of the right-moving affine algebra. Consider the characters x*(v;|7) of the I-th
component of the gauge group G, where a labels the integrable affine representations,
i=1,2,---,rank Gy, and v; are the skew eigenvalues of Fy/4m?

tr <§>2 = 2(27i)? ;UE . tr (§>4 = 2(2m)4zi:v;*. (C.4)

The characters transform homogeneously under the modular group. In particular (see
for example [65])

X4 (vi/7| = 1/7) —e”kE”/TZ Sap X°(vilT), (C.5)

where k is the level (a positive integer) of the associated current algebra. To obtain the
associated traces we expand the characters as

Clulr) = x() + @ (Z ) () + 220 (Z ) () +

' ' (C.6)

(Zv) X5.2(T) + O(9).

The above transformations imply the following behaviour for the traces

V() =T v ()= S sk e
( > Zsab {T X ’;:Z Xb(f)} (C.7b)

( > Zsab {T Xs(T ZT X5(T) = L Xb(T)} : (C.7¢)

82

Thus, the F? and the (F?)? traces are not modular-covariant. Modifications by non-

holomorphic pieces are needed. These arise in the straightforward evaluation of the
thresholds by integrating the singular terms in the correlator of four currents on the
torus. Another way to see their presence without invoking the regularization prescription
is to compute them in an IR-regulated background where they come from the gravitational
back-reaction [49]. We will denote x2 by Q%x, x4 by Q*x and x22 by [Q?]*x. Then,

k
Q°x — Q*x — RX (C.8a)
QPx = [@Px— o+ Ly (.80
4Ty 827y
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We also need

[ E @ = prirri o - (90

47Ty

= sl (@ - 2) (- £2)] . 1 con

47T 47T

3

ST 0103 75 10 =

-
=1 2

1 1
::étrdzmzwzwzﬂyrrug§]+»1§(mvyrazwﬁrﬂzwfdy+trAJWIWﬁrﬂzwzﬂ}+

k k2
TaTd Tch T 2\2 I 2 I
+try Jtre| ))Tr |:(QI) e Q7+ 8727'22] 5

where [ labels the gauge-group factors, and T® are matrices in the adjoint of the gauge-
group factor G;.

(C.9¢)

Putting everything together we obtain

A(TR F] - ZF[ k?[
Sern i () o]
1 iF\? | (iF\? .k ,  ky
N (g) tr (g) TTKQI_M) (QJ_WZ)] (C.10)
2

Tr{(@%f— 47";; Qo ] Ztr(“FI> TrlQi,

2

where tr stands for the group trace and T'r stands for the (normalized) trace in the Hilbert
space relevant to the elliptic genus.

In ten dimensions there are two choices for the gauge group, O(32) and Eg x Fg both
at level one. For the case of O(32); the elliptic genus was calculated in [45] with the result

F\* 1 E} [iR\*
OB)(r RF) = tr{ o) +-— 1y
AT R F) T(% Ty s \or) T

1 | E? E2E? _E,E.Es .
+29_32 @—i_ 724 —2 n24 —20-37% X

o 2 2 . o 2\ 2
o [+ oF . 1 EIE} ; 1R .
r| — —_— T\ —
2w 29.32 pH 27

1 |E,E.Es EE? iR\ [iF\®
+28 ] 32 7724 - 7724 tr % tr % R (Cll)
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while, for Fg x Fjg, a direct evaluation gives

AP*Es(r R F) =

. 2
1 B} (iR 4+ L B3} ( (iR 2 N
27.32.5n* 27 29.32 p 27

~ ~ 2 2
1 ((E2E, — 2F,FEq + E2)E, iF\? iF\?
tr [ — tr [ =2 -
T oa ( oY "\on "\
EyEy(FEyEy — Eg) . iR\’
— tr [ =
28 .32 nA 27

fa i 2 . 2 . 2
I (E2E4 Eﬁ) b (ZFl) - (ZFQ) ’ (C12)

2832 24 o2 2

where F} 5 are the field strengths of the first, respectively second Eg.
Upon toroidal compactification to D dimensions the above formulae have to be multi-
plied by the 10 — D toroidal lattice sum.

D Properties of the (2,2) lattice
The (2,2) lattice sum can be written as

F272(T, U) = Z qp?/Z qp?/2 (D.1)

mi,mz,n1,n2€%

where
%Pi _ | —mU + ij—;-UT;(m +nyU)|? ’ %plz _ %p?« My - M. (D.2)
Define the following “momenta”
p=mo+Tn +U(—my +Tny) , q=mg+Tny +U(—my+Tny). (D.3)
Then we can write the lattice sum as
Tyo(T,U) = Z ezwiT(m.ﬁ)—T’;TgQ pl* _ Z esz(m.ﬁ)—;;% lq|? ' (D.4)
We also define the generalized lattice sums
(pM M N ghey = Zleququ—N?eZ“”(m'ﬁ)’TT;TUQQ Ipl* (D.5)

In this notation, I'y» = (1). Finally we define the (rescaled) covariant derivatives

1a 1a
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Then, we can derive the following identities
DT(T2F272(T’ U)) = DU(TQFQ’Q (T, U)) = 7'2287-(97-(7'2]:‘2,2 (T, U)) (D7)

with Op = T2070r. We also have

N
R (D.80)
N
DY-'DN=%... DY (1) = (7_27;;2[]22) (pa") (D-80)
N
DYDY Dy = () 6N (D.5¢)
N
DN-'DN?...D§ (1) = (7_27;}[]2) (r™g") (D-8d)
, N
(DY='DY=2...DY%) (DN'DN=2... DY) (r,(1)) = (2732%[]22 (130:) (2(p°")) (D.8e)
, N
(DYDY D) (DYDY D) () = (=) (50" (mla™) (D)
, N
(DYDY DB) (DYDY DY) (1)) = (s ) (0 (la™) (D30)
, N
(DYDY DB) (DY D DY) (1)) = (g ) (500" (™). (D81
Also note that in the above
(20, = Y DY 1DY2 ... Do (D.9)
and finally we give the identity
0-(7%0:)N DY ®n(1) ~ DYIDN®N (1) = 0. (D.10)

E One-loop threshold integrals

E.1 Calculation of one-loop threshold integrals

In this appendix we compute the following two families of fundamental domain integrals

1(T,U) = /f L (ol ) BS )R 0) ) (E.1a)
L) = [ (CenwBOR @ -d) . s-s16. (B

where 7 = 7, + i1y is the complex modulus of the torus, ¢ = €?™", F is the fundamental
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domain of SL(2, Z) and v is an arbitrary non-negative integer. For v = 0, 1 these integrals
were computed in Ref. [66], which we will closely follow in notation and computational
method.!® In the case of the integral in (E.T#), we will first keep the results general for
all S, but be more specific in explicit expressions for the case S = 16 with the SO(32)
lattice, which is the one that has applications to the body of the paper.

(2,2) case. We first present the calculation of (E.1d) in some detail. The integrand

involves the (2,2) lattice sum

Toa(T,U) = Y ¢'12g"? (E.2a)
DPi,pPr
1 , T 2
T2 A€EMataxo T2U2 1
—myU + my + T(ny + noU)|?
pg:\ 1 ;TU( 1+ noU)| PP —p? = 2(muny +man),  (E2¢)
2U2

for which we use the second (Poisson resummed) form (E.25) in the computations below.
Here F, is defined as in (A.9), and @, is a modular form of weight —2v, which is holo-
morphic everywhere except for a first-order pole at infinity; its Laurent series is given

by
O,(q) =Y g (E.3)

n=-—1

We also define, for any non-negative integer s, the power series

E3(q)®.(q) = Y < q", (E4)

n=-—1

;0) )

= ¢, and the second term in (E.1d) proportional to ¢;”’ is chosen

so that in particular ¢
as to cancel the IR-divergent part of the first term.

To evaluate this integral we use the method of orbits [51], splitting up the integral in
the sum of three terms, I, = Z?:1 Lgi), corresponding to the trivial, non-degenerate and

degenerate orbits, respectively, for which we outline the computations below.
Trivial orbit. In this case A =0 in (E.24) and the result is known [45] to be

d?r . w T
Irgl) - TQ/ —2E5(T)(I)V(q) = 72[E5+1(Q)¢V(q)]|coeﬁ”~ of ¢°
F T 3(v+1) (B.5)
™2 (e — 240 + 1)ey] |
=———|co—24(v c_1].
3(v+1)17° !
Non-degenerate orbit. Here, the representative matrices are

k j .

Ay = 0 p , 0<ji<k , p#0 (E.6)

0Tntegrals of this type have also been studied in Ref. [5?]
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and the integral unfolds over the double cover of the upper half-plane. Expanding E’é’ we

o — i (Z) <_;>SL§?§ , (E.7)

s=0

have

where

*© dr . Ty ; 2 .
( - 2 —27rszp - |kT+5+pU]| (v—s) J2mitn
I3 = dTl 2+S e 72Uz ey Ve . (E.8)

n=—1 j<o<k Y~
p#0

We first do the Gaussian integral over 71, with the result:

CEENE D W I R

Stere (E.9)

p#0

2m 272U2
+pUi)n—mn 2
% (j+pU1) Ty k2 C(z/ s) TN

Then we do the j summation, using the identity

oo k— oo k—1k-1 oo k-1
ZZ Z e F(RL+0) =3 kéyof (kL +b) —k:kal
n=—1 j=0 I=—1 b=0 j=0 I=—1 b=0 I=—1

(E.10)
after which we use >, 9(p) = >_,.0[9(=p) + g(p)] and we find

Usgl
1 = RT3 5° [t msttn S e o

l=—1k,p=1
(E.11)
To do the 7, integral we use
) 1 b A/2
/ de——=e =2 (—) Kx(2vVbc) , Reb,Rec>0, (E.12)
0 x c

where the Bessel function K, is given by

—z (n+r)! -
Kopryo(2 ,/%e Zr,n_r , K_o(z) = Ky (2). (E.13)

If the moduli of the torus are in the fundamental chamber 75 > U,, we then obtain
the result

1 (s+7)! 1
I = 4Re——— kgl )P Tok + Usl)*™ (=) (B.14
b3 = ARy 2 20 )" 2 T iy Tk Vel e (B44)

where we have defined
qr = eZm’T ’ Q= 627mU (E15)
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On the other hand, when U; > T5, we find the same result with 7" and U interchanged.
We will generally assume that the moduli are in the fundamental chamber, unless specified
otherwise.

To further simplify the expression (E.14), we evaluate the p-sum by using the poly-
logarithm functions defined in (A.20), giving

S—f-?“ S—T T - v—s
1) = 4R u@ EZZEZN 3 (Db Ual) ™ L (dhay)e ™ (B16)

S—’f'
—1 k>0 r=0

Finally, using the definition (A.19) of the combined polylogarithm function L), we
conclude that the total contribution of the non-degenerate orbits to the integral is given

by
? :4Re; (’;) (WTZUQ) Z ZL(S (Tk + U™ . (E.17)

Degenerate orbit. For the degenerate orbits the representative matrices are

0 g .
w=(g 1) . Gn# 00, (E19

where j, p run over both positive and negative integers to account for the double covering,
and the integration extends over the strip.
In this case we need to compute

14 3 S
=% (”) (__) ¥, (E.19)
S s ’

where

1
d 2 ; v
e [Ty S et st €
—1/2

n==1(j,p)#(0,0)

(E.20)
For s = 0 we need to regularize the integral, and following [51] we multiply the
integrand by the regulator (1 — e™™/™) in this case, taking the limit N — oo after
evaluation of the integral. To keep the computation below uniform for all s, we use the
fact that the above prescription effectively amounts to omitting the constant term in the
integrand and replacing in the end
2 8rel™E

Zo90(1) > —log Tyl + K], K=1
pzlp C() [Og22 ] 0g 3\/§

where g is the Euler—-Mascheroni constant.

(E.21)

So we focus on the first term in (E.20) and, after performing the trivial 7; integration
and subsequently the standard 7 integration, we arrive at

(3) _ (1/ s) | U2 ; _
I Tps! (WT) > T U (E.22a)

(4:p)#(0,0
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_ (1/ S)T | U2
25" (7TT2>

1
(22 ot X S ) O

Jj=—00 paﬁo

where B,, are the Bernoulli numbers. For the explicit examples in the text, the relevant
values are By = 1/6, By = —1/30 and B6 =1/42.

o0

Z m = ;—g[cot (B +iC) — cot (B —iC)], (E.24q)

j=—

p= 1

1 0\ 1_. (—)2(27)° (s+7)! e
el — —L ! = s rL B ! > )
(U2 8U2) Uz im0 Uzt TZ; rl(s —r)!(4m)" (1) tmtr—s(qu), M 28

(E.24¢)

Z Lis(q,), (E.24b)

1_qU I=1

The identity (E.24¢) may be derived by recursion, using in particular 32 Li(q¢,) =

—2mlLis_1(q};). Then we can rewrite

Z Z [(7 +pUL)? (pUz)]”s -

j=—00 p#0

( 1 9 > i 1
pard 20,00, ) = (i +pU1)? + (pU>)?

—1)* 1 9 \°<1 21 P 7
_( )77( > |:QU+q

s 2U, OU, «p»Upp [1—q)  1-

1

(=17 (1 0\ (1 2
= — —A4 Li —((2 1
255! U2 8U2 U2 Rez 1261 QU) U2C( ot )

™ & 7T(28)! C(QS +1)
= 4RGW Z LS(UZ) + (S!)245 U22$+1 . (E25)

2 =1
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for (E.20) as

153>:4Rez(”)< TU> > Lig (U™ = [longUg—l—lC]—F% /)
S TigU2

=1

+ Z ( ) {47T((25)j23f8+2 UJ{; +2 (2:!)! (472;2%)8 ¢(2s + 1)} :
(E.26)

which completes the calculation of the degenerate orbit.

Total result. Adding the three expressions (E.5), (E.17) and (E.26), we obtain our final

result for the fundamental domain integral in (£.14):

IL(T,U) =4Re (’;) (WTQUZ) Z Loy (Tk + Ul ™
s=0

v I Uy o
_Cé )[IOgTQUz + K]+ ﬁ[ 0 _ 24(v 4 1)c (0)] + % Q)
s+1 | _3 s
(v— s ( ) 47T(12) S'BQS+2 U2 2(28) 5 1
+Z { (25s+2) Tg 0 \enn C(2s+1) ¢,
(E.27)
where
!
d.= ) =(1,-1) (E.28)
k,l k,l1=0

’ (k,1)%(0,0)

and Ly is the combined polylogarithm function defined in (A.19).

This expression is valid in the fundamental chamber 175 > U,, while for Uy, > T, we
obtain the same result with 7" and U interchanged. For the special cases v = 0 and 1,
with &y = E2/n?* and &, = E,Es/n*!, respectively, the expression (£.27) agrees with
that obtained in the appendix of [6].

(S +2,2) case. We next evaluate the integrals in (E.14), which involve the (S + 2,2)

lattice sum:
Psioa(y) = Y ¢ 2q""2, (E.29)

PLPr
where our notations and conventions are as follows. The (S + 2,2) lattice is obtained
by an SO(S + 2,2) rotation of some standard lattice, which we take to be of the form
I'*0@T?2. Here, I'*? is the S = 8 or 16-dimensional, even self-dual Euclidean lattice, i.e.
either the Eg root lattice or the Eg x Eg root lattice or the Spin(32)/Zs weight lattice.
For I'*? we use the conventions of the (2,2) case discussed above. A general lattice vector
is denoted by

le FS+2’2 : = (777 ﬁa 771) , TE FS,O ’ (ﬁa ﬁl) S F272 (E30)
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so that barred vectors are the components in I'***. The complex moduli y are parametrized
as in (A.26) so that

y=@T.U) , (y)=5-9—2TU , (y2,92) = G- Go — 210>, (E.31)

with § an S-dimensional complex vector. The subscript “2” on the moduli denotes the
imaginary part as usual, and we have the restrictions that U, > 0 and (y2,%2) < 0. In
these coordinates, the left- and right-moving components of p € I'*22 are given by

2

1 1
2 _
= —— [T g+mU+nT —m;— Sna(y,y) (E.32a)
—(y2,92) 2
P} —pr =TT — 2miny — 2many . (E.32b)

After a Poisson resummation in mq,ms, the lattice sum (E.29) takes the alternate

form
y27 y2 lz7 G(AT)
d = 2 E.33
S+2,2(y) 273U, 72 Zq e ( )
erso A
where

G(A, ) :W(L";ﬁ)]«‘w —2miT det A + i (f-gj(_f.g*A>

2(Uz)*my U, (E.340)
s ([ L i - o :
— o (7 9A - *A) U*) A

o0, (y JA=T -7 oo (i mal)

1 mq T - T
(n2m2),A(U)(1),A(U)(1> (E.34D)

For completeness we also give an alternative form of the expression (E.33):
Vdet _x _
F5+272(G, B, Y) = etG Z e (mI+nI7)(G+B)rs(m7 +n'7) %
[
1 s o (E.35)
LS ey ]
a,b=0,1 i=1 !

where the ¥-function is defined in (A.1).
Here, the connection between the real moduli G, B,Y in the form (E.3%) and the

complex moduli y = (7,7, U) in (E.33) is as follows:

—(y292) (1 Uy Y1 Yo
G 2072 U, | » Pr=h-on (E.36a)
y' =y +iye)' = =Yy + UY]. (E.36b)

To check the equivalence between the expressions (E.33) and (E.35), one uses eq. (A1)
and the relations in (E.36).
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The modular properties under 7 are most easily derived from (E.33) or (E.35) and
we find that I'g oo is of weight S/2. The lattice sum is also properly invariant under
the O(S + 2,2, Z) transformations (A.25) of the moduli. For modular invariance of the
integrand in (E.1H), the function ®, transforms with weight —S/2 — 2v, and we assume
the same expansion as in (£.3), (E.4) for this function.

It turns out that since the lattice is even self-dual, the contribution to (£.33) from
two matrices A that are related by a modular transformation is again, as in the (2,2)
case, given by a modular transformation on 7. As a consequence we can use the method
of orbits as above. We omit the details of the calculations, which are similar to the ones
given for the (2,2) case, and generalize those in [66], but only give the final result.

To write the total result we introduce the following notation [6G]. The triplet r =
(7, —l, —k) is positive if

k>0 or k=0,1>0 o k=1=0 7>0 (E.37)
and we use the definition

A=, () =7 - 2k, (E.38)

—5(rr)
where the coefficients ¢ are as in (E.4). We will also use the functions in (E.38) with
argument 7 instead of r, meaning that £ = [ = 0. For example, the coefficient of the

second term in (E.14) (which subtracts the divergent part) is

dy) =" d¥ (7). (E.39)

We define the product (r;y) as

T+ WU+ KT+ 0|7 -G + WUy + KT for k>0
(riy) = | 7O+ = 2] U for k =0,7 >0 (E.40)
77'?J+ZU+[ TyQ}U for k=0,7<0,

where [x] is the greatest integer smaller than or equal to .
Then, we have the following result for the threshold including Wilson lines

L/(y)=4ReZ;(V)( Wh) ZLS> riy)) d¥(r)

14 y 7y ™ v
+d (~log(~(y, ) — K) - ;Uj) sy

+>d(7) 2(38)! (272(;,%))2(23 +1)

6 s U25+1 | ' i pes) s
+ 2Rez (Z) (77( > ;_SHS ZL225+2 (62 yQ/UQ) d )(T)y

y2;yz)

(E.41)
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where L, is defined as i (:A

19), and K is glven n (E.21). The prime on the sum over
r > 0 indicates that terms with £ =1 =0 and 7 - § = 0 for generic values of the moduli
are omitted.
Further simplifications of this expression occur when the moduli are in the (general-
ized) fundamental Weyl chamber [66]
F B

2

0<

<1l , forFr>0 , 7-7<2 (E.424q)

0< Uy < TQ, (E42b)

which means that (r;y) = (r,y) =7 - § + U + kT for all r such that —(r,r) > —1.

For generic moduli we also have 7 - = 0, which implies ¥ = 0, and since ¢,-; = 0 the
7 sum in the last line of (E.41}) restricts to the subset 72 = 2 only. Hence, we have in the
generalized fundamental Weyl chamber the simplified expression:

L(y) = 4Re2( )( o, y2> ZL(S (r,y) ckl TQ/Q

r>0
(v) 1 K — (y27y2) m Eu+1 d
+CO ( Og( (y27y2)) ) 2U2 3(U+1)[ 2 X V”qo
+ Z v— S) 47T 24 S'B25+2 U225+1
(25 +2)! (Y2, 92)*

+193>1

ot
. (272 (y2, 2) ) C(QHD}

v U2.s+1 I i B
E . ir-y2 /U (v—s)
2Re (s) <7r(y2, y2)> R Z Ligesz (e77/7) ) (E.43)

s=0 F2=2

where we also used that Lis(1) = ((s) and eq. (E.23).

Simplification of rational terms. For the calculation (and existence) of the generalized

prepotentials in Appendix £.2, it is necessary to simplify the rational terms, which are
defined as follows

N 47(—24)°s!Bygyy UZFH!
rat _ _(92,y2) ™ By, n c(” s) (V) st b
W 2Us 3(’/+1)[ 2 Xl Z 0 s (25 +2)1  (y2,10)°

S U2stigl

+2R€Z ( ) ( (Y2 y2)> 72rs+1 Z Liggy (€27772/%2) TV (B4d)

F2=2

In the fundamental Weyl chamber we can use the following identities (relevant for v < 2)
on the even polylogarithms,

, 1
ReLiy(e*™) = 7° <6 — |z + x2> (E.45a)
ReLiy(e*™) = 7* 1 1 + = \1’]3 Lo (E.45b)
! 90 3 3 ‘
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< 1 1 1 2 2
ReLig(e*™) = 7° (% — 4—5x2 + §x4 — 1—5]1‘\5 + 4—5566) : (E.45¢)

which hold for |z| < 1. To simplify the expression in (£.44) for v < 2, we will also use the
fact that x(q¢) = 1+ 2Dq + O(¢?), where D is the number of positive roots (for Fg this
is 120, while for Eg x Eg or SO(32) this is 240). Moreover, we use the explicit functions
®,, which are

E? Es E,
S =8: @0:@ y @1:@ y @2:@ (E46(Z)
E . 1
S=16: Py= 77_;1 ,  ®; = non-existent , P, = @. (E.460)

We will also need to define the following completely symmetric Lie algebra tensors

Z T’ilT'iQ P Tin = O_/l(?llln . (E47)
72=2

7>0

In particular, by definition, al(l) = 2p;, where p is the Weyl vector, while it is also known
for any simply-laced group (we take 72 = 2) that ag-) = hd;; where h is the dual Coxeter

number (equal to 30 for Eg and SO(32)). We also have for Eg and SO(32) the identities

= )2
@ i gkl 18(v - ) Eg B4
2 AR {6(@.@)2 + 245, 0} SO(32) (E.48a)
ij
(6) G d kol m,n 15(@'@)3 E8 E .48}
D iV {30(5 )Y, vl S0O(32) (E.480)

ijklmn

The tensors in (E.47) satisfy the contraction property

n fn—1in __ n—2
Oéz(lz)gznn ! - 20{2(1@...)2'”,2 ° (E49)
Then, after some algebra, we find the following results (for v < 2): in eq. (E.44)
i\2rv+2
there appear a priori terms of the form [](3(2;2 y;u; however, these vanish because of non-

trivial root identities. The vanishing of these terms is essential for the integrability of the
thresholds in terms of (generalized) prepotentials as discussed in Appendix £.2.

The final simplification for the rational terms can be summarized in terms of a set of
symmetric tensors as follows:

8 ()
(Y, yo)v o2t

In particular, for the case v = 0 we have the explicit result

LM (y) = — Y3ty (E.50)

S =816: d" = (p,—30,-31)= —nup". (E.51)

a

As pointed out in Ref. [bG], for the case S = 8 we have p* = —nabd,()o) = —(pgs, 31, 30),
which is the Weyl vector of the Ejyg KM algebra. For the case v =1 and S = 8 the result
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agrees with [66], and will not be given explicitly here. Finally, we give the corresponding
expressions for the case v = 2. For Eg we have

8
Es: IMy) = BTRAE <[ﬁ - — 3015 — 31Us) (ya, y2)* +
+ [8US — 168U2T, — 144U5T2 — 40>,y ybyi) (y2, y2) —
48
- EU§> + 48U Ty — 288USTy — 192U2T3 +

24 (s i1, 02, 03, i,
- ga@(}m%y; yfyfyz“yf) (E.52)

where 1 = 1,...,8, while for Fg x Eg we find

8 o
W <[P -y — 3075 — 31U2](y2, 92)2

+[8U5 — 168USTy — 144UTF — dal’), v yd ) (v, o)
48
- EUS + 48U Ty — 288USTE — 192U TS

_ _ _ _ 24 71179 13 14 1
+144(Us + To) (92 - §2)1 (G - 2)2 + —a§f’32i3¢4¢5yzlyfyz?’yz“yf), (E.53)

Eg X Eg : Iéat(y):—

5

where now i = 1,...,16, and (¢2-%2)1 and (¥2- 72 )2 refer to the two Eg factors respectively.
For SO(32) we find

8T o
SO(32) . I;at(y) = —m ([p Y + 18T2 + 17U2] (yg, y2)2

+ [8US + 24U2T, + 48U, T2 — 40'”),, 45 y2yi) (y2, yo)

48 -
— S U3 + 48UST, — 96US T3 — 96(U + T2) Y (u5)"

(2

24 (s i1, 02, 03, d4, i
+ ga§132¢3¢4i5y21y22y23y2“y25) : (E.54)

We also note that the corresponding tensors satisfy the identities

24
(2,2) _be, de _ _Epa S =38 E
dabcden n { %pa S =16 ( 55)

where p, is the generalized Weyl vector defined in (E.51).

E.2 Generalized prepotentials

(2,2) case. Using identities (A.22) and (A.17), it can be shown that the result (E.27)
n

for the one-loop threshold integral (E.1d) can be written in terms of v “prepotentials”

fw,s(T,U) in the following way

v = - 14 s s
L(T,U) = ~clog TyUs + K] — 210g | fuo) (T, U)[* + Re S (S) DD} fue) (T, U),
s=1

(E.56)
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where

[ —(v C(O) v (”)
f (T U) [ /24 (r+1)e71/( +1 /24 H H 1 . q Cu(’mkl) (E57a)
m=0 k,l
v (_3)m (1/ m)
L(ms k) = ———(—4kl E.57b
= () S e

28 + 1)( 3)s+m ! v—s—m
fws>)(T,U) = 42 < > 25 +m+ 1)! Z (—4k0)™ LZ2s+1(‘JT‘JU)CI(cl )
K

— 4 28+1MU%+1

v S(=3)*
(25)1(25 1 2)! +cé )9 ((25)!) ((2s+1). (E.57¢)

The function f, ) is an (almost) modular function of T" and U, of weight —2s, and
the appropriate covariant derivatives are defined in Appendix 'A. In particular, under
modular transformations the functions f(, ) transform with an additive piece. In the
case of N = 2 threshold integrals, v = 1 and f(;,1) is the one-loop prepotential of the
N = 2 effective supergravity. Writing the integral in this form suggests that in N =1
supergravity in eight dimensions, the four-derivative terms can be written in terms of
holomorphic prepotentials.

(S+2,2) case. Using the identities (A.33), (A.36) and (A.37), it can be shown that the
result (E£.43) of the thresholds (E.Th) can also be rewritten in terms of v “prepotentials”,
whose form in the generalized fundamental chamber is as follows

Iy(y) = —C )[1Og (y2; y2) + K:] -2 IOg |f~(l/,0) (y)|2 + RGZ (I;) Dsf(u,s) (y) ) (E58)

s=1

where the second-order operator O is defined in eq. (A.28) and

.f(V,O)( _ 62m(au,y H H 27rz (ry) cy(m,r) (E59a>
m=0r>0
(SR @D, )
o= (S/2+v+1)! 4w n*dy (E.590)
_ (Vv (S/2+1)! v ()
c(m,r) = (m> (52 +m+ 1)!( 67°) €2 (E.59c¢)
= (v—5) (5/249)!(S/2+25+1)
=14 s+m
fws=>1(y) mz_:o( m > (S/2+ 25+ m+ 1) (=3)°T™ x
><Z/(2r2)mLi25+1(62ﬂi(r’y))c(_yr_2j;m) +
r>0
2ss1 (S/2 4 8)I(S/24+ 25 +1) (=2)* Qv+ 1) .
oo (S/2+v+s+1) 4 y!(25+1)|da1 e ¥ YA
s (S/2+8) (v—s)
+2(=3) mC(Q s+1)c 7, (E.59d)
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where we have used the simplified form (E.50) of the rational terms in the generalized
fundamental Weyl chamber and used the recursive definition
v,s—1 _ v,8 a2s02s

d((ll...ags)_l - d((ll..,)a23+177 Zefzetd ) 1 S S S v. (E60)
For the case v = 1, S = 8, we have checked the agreement with the one-loop prepotential
given in [bG]. We note here again that the above expressions have only been proved for
v < 2. For higher v, these expressions remain true if the conjectured relations (A.33),
(A.306), (A.37) and the form (£.50) for the rational terms remain valid. We strongly
believe this to be the case, and also note that the expressions in (E.59) correctly reduce
to those in (E.57) for S = 0.

F Large T, expansion of heterotic one-loop integrals

The main results (E.27) and (E.43) of Appendix H are the general form of the elliptic-
genus contributions to the one-loop free energy of the heterotic string compactified on
a two-torus, without and with Wilson lines. In this appendix we compute the large 75
expansion of these two expressions, by re-expanding the result in a double power series in
the variables Ty and g7 = ™1, Using heterotic/type-I duality the resulting expansion can
be decomposed into the perturbative part (powers of Ty only) and the non-perturbative
part (powers of gr) from the type-I point of view. We will use this terminology below, in
accordance with the physical interpretation discussed in the text.

(2,2) case. Our aim is to use the large T expansion to rewrite the expression in (E.27)

in the form

L(T,U) = I®(Ty, U) + I Ty, qp, U) + I9(Ty), (F.1)

where I/P and I"® stand for the perturbative and non-perturbative parts, respectively,
and 1D (Ty) collects logarithmically divergent and constant pieces.

In fact, by examining the separate contributions IS'="** in (E.5), (E.17) and (E.26)
of the trivial, non-degenerate and degenerate orbits, respectively, it is not difficult to see
that

[P (T, U) + IN(Ty) = IV + 1Y (F-2a)

14

IOPN(Ty, qp, U) = TP (F.20)

v

so that the perturbative contributions are included in the trivial and degenerate orbit,
while the non-degenerate orbits generate non-perturbative terms.
In further detail, it follows from (E.5) and (E.26) that the perturbative terms are

715 v -3\’ Vs
IIEP)(TQ, U)= m[cg)) —24(v + 1)0(,0%] + Z (S) <7T—Tg> Y(s)(U)c(() ) , (F.3)
s=0
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where the functions Y(y) are given by

> wU-
Yio)(U) =4Re Y _ L(oy(Ul) — log U + TQ = —log Us|n(U)|* (F.4a)

=1

(—1)%(4m) 5! Bogia . . (2s)! 1\
Yis>1)(U) _4Re—QZL(S (Ul) + @ 17 Cand SN L o C(25+1).
=1

(F.4b)

Note that modular invariance in the 7" and U moduli of the total integral (F.1d) implies
that these functions are modular-invariant in the U modulus. For Y{g) this fact corre-
sponds to the usual modular transformation of the n-function. For s > 1, however, this
fact implies highly non-trivial modular properties of the polylogarithms, which in some
sense generalize those of the n-function. Similar identities were noted in [66].

For the logarithmically divergent/constant pieces, we easily read off

IN(Ty) = - log Ty + K. (F.5)

the following alternative form of the perturbative terms:

T, 0
10Ty U T2 1O 940y 4 1)) — 1O,
v ( 2, ) 3(V+1)[CO (V+ ) ] ( )
- 14 —3U2 s (v—s) 1
w3 () (e T e
; s/ ) (j,p)zaé(:o,O) g+ U

which expresses the contributions at order 1/T5 as a sum over inverse powers 1/ P21+
of the internal momenta of the type-I string.
Moving on to the non-perturbative terms, we start with the expression (E.17) for the

non-degenerate orbit and rewrite it as follows. First, we substitute the explicit form of
L5y in (A.19), yielding

14 _3 S
I(P) — 4R,
v e; (WTQUQ)

S

v (S + T)' ! S—TT v—s
(s) r!( Z (Tak + Usl) LZS+T+1(‘]:];C]U)CI(<:1 )

— (s —r)!(4m)" 4=

= k0
(F.7a)

- vy (s+r) [(s—r 1 1
- ()
e S5 5 (O () s e
mijs—r—m kp Ip (v—s

XZ Zk l S+T+1quqp ](gl )7 (F?b)

Ic;éO
where in the second step we have also used the summed form of the polylogarithms and
expanded the (Tyk 4 Uyl)"—* factor.
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Next we do the [ summation, by rewriting

s—r—m lp (v—s s—r—m v—s
Z ! qgc;cl ) = Z ! qs%J/kckl
I=—1 I=—1
= 1 s—r—m v—s
- Z kS—T’—m [qulaqu ] qz’jgcl(fl )
I=—1
o R
—ZW[% (0g, )T (EY TR (W )
7=0

k-1

1 —r—m/( pw—s
- Z fps—r—m~+1 [qua%]s (E2 q)l’)(u)
j=0

where we have introduced, in the second step, v’ = pU/k and, in the last step,

_pU+j

rnt (F.9)

which is identified with the complex modulus of the world-volume of the D1-brane. In
the third step we also used the identity

1 j >
MCu=~-Y FU+%) , FU)= Coql F.10
lz_l qU kl k prs ( k) ( ) ng:l QU ( )

and the definition (A.9).
Substituting the result (F.8) in (F.75) we obtain

o) _4RGZZZ = (V) T'fs+_r2)' <s;br> ﬁx

s=0 r=0 m=0

Z > (F.11a)
1 kp N .
X a0 () )
k,p=1j=0 7TpU2/k; yrm (kp)s—m+1 i ; ;
=4 Z
Reg:(>(2 >r 0 m=0 rl(m)( s tm )x
ZOO Zk 1 7 (F.11b)
X (mug)remr k:p>s+1q:'?p[quaqur<E5*sfmq>,,><u>
7p 1] 0

where, in the second step, we used us = pUs /k, the summation identity

Zzz_:f(sar,m)Zzzz_jf(s—i-m,s—r,m), (F.12)

s=0 r=0 m=0 s=0 r=0 m=0

and performed some regrouping of terms.
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Finally, we use the identity (A.17) to obtain the interesting result that the non-
perturbative part of the integral over the elliptic genus,

d2
Ilsn'p)(T%QT? U) :/ T (FZ 2(T U)EV( )(D (Q) - C(() ) ‘non pert.
F T2
s 00 k— .
1 pU +j
— 4R ( ) - D EY® ,
ez (27T2> Z (kp)quT _ ( ) ( k )
p,k:l J:
(F.13)
depends again on the elliptic genus and covariant derivatives thereof.
We continue to simplify this by noting that (F.13) has the form
[®P(Ty, g7, U) = 4Rei: (”) 3\ i L g @) (F.14a)
~\s/ \2r1y) £ N°® ’
1 & pU +j
96 (U) = > > (DER,) ( p ) , (F.14b)
p,k=1 ]:
pk=N

where the functions g(s v)(U) entering at the N-th instanton contribution ¢y are modular
functions of U, given the fact that &, are modular functions of weight —2v. In terms of
the Hecke operator (4:14), we have g, vy (U) = Hy [D*EY=9,)(U).

Although for a given instanton number N (and any s) the function g y is modular-
invariant in U, the sum in this expression is reducible when N = nm? for some m > 1,
in the sense that the function can then be split up into more than one part, each of
which is separately modular-invariant. Here we will do the reduction using the modular
invariance of the result on U. An algebraic explanation can also be given, by looking
at the classifications of the mappings between the lattice characterizing the instanton
world-sheet and the torus.

When the sum cannot be further reduced into separate modular-invariants, we will call
the resulting sum an irreducible modular-invariant. In particular, when N = nm? = pk,
there will be one or more triplets of numbers (p, k,j), which have a greatest common
divisor g.c.d.(p, k,7) = m > 1, and it is not difficult to see that the corresponding subset
of terms have already appeared as the modular-invariant g ), i.e. at lower instanton
number n < N. Hence, the irreducible modular invariants are characterized by the n-
instanton modular function

1 o0
gZ

k-1

(F.15)

S(g.cd.(p, b, j) = 1)(D By —"0,) (pU“) |

k

=0

’ﬁ’ﬁ
H

-
<.

\ |
3

which is the minimal modular-invariant completion of (D*EY~*®,)(nU), in that all terms
in the sum of (F.15) are necessary and sufficient to make the entire function G, .)(U)
modular-invariant.
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Using the definition (F.15) in (F.13) we can rearrange the non-perturbative contribu-
tions as follows:

n - v 3 R 1 nm?2
I8)(Ty, qr,U) = 4Rez<s) <27TT2> ZZW(]T X

pU+7
k

(v 3 \ = 1 — 1 e
— 4Re (S) (%T) ;;G@,m(U)ZW(qT) :

m=1

x > ) d(ged(p k,j) = 1)(DEy,)(

) (F.16)

We finally write the result as

(n.p) — ~ (v Ry i N
I8P Ty, gp, U) 4Re;(s) (27%) NZN )0 (ar) (F.17)

where we have introduced the function

o0

Os)(a) = Zl TZ(IS“) ¢ (F.18)
and we recall that G, n) are the irreducible modular-invariants defined in (F.15).

The sum over the integer m in the above formule is interpreted as a sum of multiple
D1-branes wrapped around the torus. We can argue that from the type-I point of view
they must be included, otherwise the SL(2,Z)7 invariance will be broken. This can be
seen most easily for the TrF* threshold, where the result is given by log(Ts|n(T")|*). De-
composing this threshold as above, it is obvious that on the one hand, the logarithmic
divergence plus SL(2, Z)r invariance uniquely specifies that only the n-function can ap-
pear. If on the other hand we drop in the instanton expansion of the threshold the terms
corresponding to the multiply wrapped branes, then the SL(2, Z)7 symmetry will be
broken. We conclude that SL(2, Z)r symmetry forces the inclusion of multiply wrapped
D-instantons.

Similarly, we have computed the large 75 limit of the generalized prepotentials in
(E.57), where, for uniformity with f(, s>1), we will use fq0) = —4log f(u,o) below. They
exhibit a structure similar to that in (F.1):

Jus(T5U) = [ (U) + frd) (Usar) + fi (), (F.19)
where we have separated perturbative, non-perturbative and divergent parts. Here, the

divergent and perturbative parts are given by

(el = 24(v + 1))

60 £ 1) 2miT (F.20q)

fgji) (T) = 3.0

fion(U) = - 27”U Z () Z (1= gp)eg ™ (F.200)

=
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r s +r+ 1)

r

Sy — g 2s + 1 sr > . v—s—r
f((f,)szl)(U) = < ) 4sl = (=3)" Y " Linya (gh)ef
= =1 (F.20¢)
sl(—=3)®

(2s)!

(v=5) g 25+1 (12)°s! Bygyo 2541

_ (st)2
“ 225121

C(2s+1)

and we note that the functions f((f)s) are almost modular functions of weight —2s, trans-
forming with additional pieces that are annihilated by the covariant derivatives.

For the non-perturbative part we find the instanton expansion

foR U, ar) = > i FO () (F210)
n=1
1 oo k-1 1 pU—|—]
™) 77y —
fuoU) =5 ) ]@F(m( k > : (F.21b)
fymy 970

Here Fi, 5 (u) is given by

Fuo() = 45137 Y (77 ) o 1200, (B ). (P22)

m=0

We conjecture that this is a holomorphic modular function in u of weight —2s, which
implies that the function is of the form

45125 + 1)(—6)"
Fuonl) = = i 2

bs EsEIDPD,(u), (F.23)

p?q?r

P,q,7=0
p+29+3r=v—s

where D is the holomorphic covariant derivative in (A.15) and the coefficients bys . are

computable in principle by comparison with (F.22) and use of egs. (A.144)-(A.15).
We have checked the conjecture for v — s < 3, obtaining the coefficients

v,V v,v— v,v— v,v— (V B 1)

b0,0,0 =1 ) bl,0,0l =1 ) b2,0,02 =1 5 b071702 - - 18 (F24a)
v,v—3 v,v—3 (37/ B 5) v,v—3 (21/ — 3)

b3,0,0 =1, b1,1,0 = 18 ) b07071 = _T . (F.24b)

Moreover, additional evidence in support of the conjecture is the fact that when

weight —2s in U as it should. In particular, this function can be rewritten in the form

f((,ﬁ))(U ) = Hy[Fu,»)|(U) where Hy is the Hecke operator defined in (4.14).
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(S +2,2) case. In this case, for brevity, we restrict ourselves to the non-perturbative
contributions, which clearly come from the & > 0 sum in the first term of (E.41) only.
Moreover, in this case with non-zero Wilson lines, we need to employ the following loop

counting parameter,

1
VEG1/2 y G1/2:T2——y2'g2. (F25)
2U,

We omit the details of the resulting calculation, in which we closely follow the steps taken
in the (2,2) case. We list, however, some of the main identities that are used: the analogue

of (F.10) is here:

00 k—1 . 00
kl—%if 1 2 : ) T § : n
I=—1 JZO n=—1

We also need to define as in (F.9) the complex modulus u of the world-volume of the

D1-brane, along with the induced D1-brane Wilson lines,
w=7py. (F.27)

Finally, we now need the expansion formula (A.31), which involves the Jacobi covariant
derivative D of (A.22) and the affine characters x(g|t) in (A.29).
The final result is

_ d27' Ay v
Ilsn‘p) (V7 qr, Y, U) :/ - (FS+2,2(y)E2 (T)¢V(q) - d(() )> |non—pert.
F T2
v y 3 s 00 1 k—1
. kp s [ w—s —
=4Re Eﬁ (s) <—27TV) pEk:1 (kp)st qr P (D*Eyx(w0)®,)(u) .

(F.28)
Since we used the conjectured identity (A.31), we emphasize here again that this has
only been explicitly checked up to v = 2, but we note the correct reduction for zero Wilson
lines to the result (F.13), as well as the fact that (F.28) has the correct transformation
properties. We strongly believe the above result to be generally valid.
We also give the large T5 expansion of the non-perturbative part of the generalized
prepotentials in (E.59). This is exactly of the form (F.21), but with F{, ) (u) = Fiu5) (0|u)
given by

(S/2+2s+1)
S/2+2s+m+1)!

Fua(ol) = a(s/2+ 9137 X (%) (F.29)

m
m=0

X X (W) [12qu0q, 1™ (E5 " @) (u)

We conjecture that this is a holomorphic Jacobi form of type (—2s, 1) in (u, @), which
implies that the function is of the form

o0

4(S/2 + $)I(S/2 + 25 + 1)(—6) >
(S/24+v+s+1)l2s

Flo,s)(w]u) = bye o X(@0) EGE{D?®, (u),

P,q,7=0
p+29+3r=v—s

(F.30)
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where D is the holomorphic covariant derivative in (A.15) and the coefficients b%*  are

o p,q,7
obtained from (F.24) using the replacement v — S/4 + v.
G Recursion relations and prepotentials
Let us consider the following integrals:
d*r
Uy = [ — [[22(T,U)As — Cds] (G.1)
F T2

where s = 0,1,2,- -, vax and A are the relative elliptic genera defined in (4.12); C' is
the coefficient of the ¢° term in Ag given in (4.11), and U, is real. The relatives of the
elliptic genus satisfy the following recursion relations:

+1 3
720.0: A = 5(54 o+ 50 T DA (G.2)
with A, _. 11 = 0. They also satisfy
(7—2287__)Vmax+1As =0 y 8= 07 17 *y Vmax (G3)

which will be useful as well.
We first analyze the cases vy, = 0, 1, 2 separately and then describe the general case.

Vmax = 0 case. Using (G.2), (G.3), (D.7), (D.84d) on the integral representation and

Ui

doing some integration by parts, keeping boundary terms, we obtain the following equa-
tions:

c
OV =0y ¥y = Z , 8T8[7\I/0 =0. (G4)
The most general solution to the above equations is
Uy = ~Clog(TyUs) + [f(T,U) + ec] | (G.5)

which concludes the analysis.

Vmax = 1 case. Using (G.2), (G.3), (D.7), (D-8¢) we obtain the following equations:

[

3 1
Or¥, = + 5\111 <DT — 5) v, =0 (G6(1)

DLDY.DLDYY, = DLDY.DLDL W, = 0 (G.6b)

as well as those that are obtained by 7" <+ U.
The second equation in (G.6d) for ¥; has as general solution

\Iq = % [DTDUfl (T, U) + DTDUfl (T, U)] + cc (G?)
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while (G.6#) implies that fi(T,U) can be set to zero. Thus we find that

1
U, = gDTDUfl(T, U) + cc. (G.8)
Then the general solution to the equations for ¥y is

Vo = —Clog(12Us) + [fo(T,U) + DrDy f(T,U) + cc] . (G.9)

Umax = 2 case. Using the above, we can now derive the following recursion relations:

3 C,
Or0y = 20 + —2 (G.10a)

2 4

1
Or¥, = 5‘1’1 + 39, (GlOb)
3
OrW¥,y = 5‘1’2 (GlOC)
(D3D}DY)(DEDEDE)s =0 , s=0,1,2 (G.10d)
and similarly for U. The simplest equation to solve is (G.10¢). Its general solution is
1 - _

¥, = 5 (DEDLA(T,U) + DEDEFu(T,0) + e (G.11)

where as usual D* = D_;D_,. The kernel of D2 are functions of the form A(T,U, U)(T —
T)*+ B(T,U,U)(T — T)3. Using ((.10d) on the general solution (G.11}) we obtain

D} D3V, ~ 0205.fo(T,U) = 0. (G.12)

Thus, fg must satisfy this equation, so it is a polynomial of degree at most 4 in T, U. In
this case the function vanishes, when acted on by the covariant derivatives in ((G.11)), so,
without loss of generality, it can be taken to be zero. Thus, we have shown that
1
U, = 3 (DD} fo(T,U) + cc) . (G.13)

Let us now solve the next equation, (G.10%), which reads

(DT - %) U, = DiD? fo(T,U) + cc. (G.14)
The general solution is
U, = DED f(T,U) + % (DrDy fi(T,U) + DyDg i(T,0)) + c. (G.15)
Moreover, ((+.19) implies that f1(T,U) must be set to zero so that

1
U, = D3DEfo(T,U) + gDTDUf1 (T,U) + cc. (G.16)
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Uy = —Cplog(Tols) + [D%Dg, fo(T,U) + DDy fi(T,U) + fo(T,U) +cc] . (G.17)

The general v, case is now transparent. We have the following differential equations

1 3 C
(DT B S(SZ )) v, — 5(5 + )W+ g (G.18)

and
(DDt DY) (DD D) W =0 s = 0,1 v (C19)

The general solution is

Vmax

= —053010g(T2U2 + Z V i S)

6°(v — s)!s!

(D7D £ (T, U) + ] (G.20)

which establishes the existence of generalized holomorphic prepotentials.

H Heterotic threshold integrals for general toroidal compactifi-
cation

We wish to compute the integrals relevant for the heterotic thresholds in toroidal com-

pactifications,
I,(G,B) = / %7 27Ty 4(G, B)EY (1)®,(q) - (H.1)
f
The integrand involves the (d, d) lattice sum
[44(G, B) Z g pi, = pi,Giipl, (H.2q)
= LGt (G=B) | b= (G m—(G+Bm) |, i=1..d, (H2D)
- m ~B)n)" |, pl=— m— n) , i=1...d, (H.
pl \/ﬁ yY \/é

where G and B are the d-dimensional metric and antisymmetric tensor of the d-torus
respectively. The integral is IR-divergent and can be regulated by removing the massless
contribution. For the function ®, we assume the same expansion as in (E.4).
For the computations and result described below, it will be useful to introduce the
pull back of the G and B field
Gry = MiGi;M} | Bpy=MB,;M, | I,J=1,2 (H.30a)
M = (n',m"), (H.3b)

and the corresponding induced Kéahler form and complex structure

T(m,’n) = Tl + ZTQ = —B12 + Z\/m
A - - A (H.4)
ymn) — Ui + iUy = <—G12 + Z\/W_G%z) /Gll :
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Below, we omit the superscripts (m,n) on these induced moduli, for simplicity. Then, we
may write the lattice sum after a Poisson resummation on m; in the form (8.2), which
can be recast as

7'l —
Iy4(G,B) = - /Z\F > eTe [—#17 — U} (H.50)
AeEMat gy o 22
AT:M: <n1 Ng ... nd> ’ (H5b)
m; Mo ... 1My

where T, U depend on the entries of A through the definitions in (H.3), (H.4). Note also
that we used here the 2 x d matrix M defined in (H.34) and that its transpose A = M7
coincides with the matrix A in (E:28) for d = 2. In particular, SL(2, Z) transformations
on 7 act on the right of A as SL(2, Z) transformations on the lattice. Hence, we can use
the method of orbits to evaluate the integral.

The orbits of SL(2, Z) in the set of 2 x d matrices with integer entries are as follows:

trivial orbit :

degenerate orbit :

0
( ) g £ (0.0

mgq
non-degenerate orbit : AT _( Tk 0 0)
ml mk mk+1 P md
1<k<d , ng>mp >0, (Mgy1,---,mq) #(0,---,0)

The stabilizer group in each of these three cases is the same as for the d = 2 case,
so again we split up the integral into three separate parts, for which we give the results
below. Here, we will denote the degenerate and non-degenerate orbits by >/ and Y '

Trivial orbit. The result is identical to the one given in (E.B).

Non-degenerate orbit. Performing first the Gaussian 71 integration and subsequently using
(E.12), (E.13) to evaluate the 7, integration, we find

22( )Z T (Wr_;;()]Q)qug:“i;T!(S(it;?;ﬂr(TﬁUﬂ)s rgb ).

o (H.6)

not difficult to see that this can be re-expressed in terms of the original functlon, as

1-2) ()3 () e mw), (1.7)

m,n

where we remind the reader again that the induced moduli 7,U defined in (H.4) are
m, n-dependent.

66



Degenerate orbit. In this case we need to regulate the IR divergence. Since we do not
need the exact regulated result for this paper, we confine ourselves here to giving the
unregulated result for the degenerate orbit

e B\ (T
716) ~ (v=s) (”) NYVG (22 2 H.8

where Ty|U|? /Uy = mGm since n = 0.
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